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TECHNICAL NOTE

Modelling of 1- D Contaminant Migration
through Unsaturated Soils using RPIM

R. Praveen Kumar™ and G. R. Dodagoudar™

Introduction

aspects of hydrology, has dramatically increased in recent years because of

growing concern that the quality of the subsurface environment is being
adversely affected by the disposal of wide variety of domestic and industrial
wastes on the surface. Though significant progress has been made in modelling
contaminant transport through unsaturated porous media, it is still a formidable
task as the volumetric water content, the coefficient of hydrodynamic dispersion,
and the discharge velocity vary both in space and time.

Interest in the unsaturated zone, which plays an inextricable role in many

The objective of this paper is to propose a methodology for modelling
one-dimensional advection-dispersion-sorption equation involving first-order
degradation through the unsaturated porous media using the Radial Point
Interpolation Method (RPIM). The RPIM is a meshfree method and by
introducing this method, the potential of meshless methods in the study of
migration of contaminants through an unsaturated porous media is highlighted.

In this paper, thin plate spline radial basis functions (TPS-RBFs)
proposed by Liu et al. (2005), for solving solid mechanics problems, are made
use of in the analysis. MATLAB code is developed for modelling the
contaminant migration using the RPIM. Results of the present analysis are
compared with those obtained by the finite element method.

Radial Point Interpolation Method

The RPIM is a meshfree method developed using the Galerkin weak
form and the radial basis shape functions that are constructed based only on a
group of nodes arbitrarily distributed in a local support domain by means of
interpolation (Liu et al. 2005). For solving integrals in the weak form formed due
to the Galerkin approximation procedure, a background mesh is used. The more
details about the RPIM can be found elsewhere (Wang and Liu 2002).

Consider a continuous function C(x) defined on a domain Q ¢ R, where
K=1,2o0r3. Let O < denote a sub-domain describing the neighbourhood
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of a point, X €R" located in Q. According to the RPIM with polynomial
reproduction, the function C(x) is expressed as

C(x)=®(x)C* 1
where
c=[c,,C,,C,, ...,C,] and

The matrix of shape functions is defined as

®(X)=[(x), (%), (%) ] )
in which N is the number of nodes in an influence domain of x.
Discretisation of Governing Equation

A one-dimensional form of the governing equation for contaminant
migration through unsaturated porous media is expressed as

0 0 oC 0
—(ROC )= —| §D— |- —(uC )—-pnC
at( ) 6x[ OX j 6x( . ) 7 (3a)

R=1+ L
0

Initial condition
att=0, C=C, in Q (3b)

Boundary conditions

C(0,t)=C,,in I';  (Dirichlet boundary condition) (3¢)
oC . -
& n,=g in FE (Neumann boundary condition) (3d)

where x is the spatial coordinate, @ is the volumetric water content of the soil,
Py is the bulk density of the soil, 77 is the decay constant, K is the distribution

coefficient, C is the concentration of contaminant, C; is the initial concentration
of contaminant, D is the dispersion coefficient, R is the retardation factor, u is
the discharge (Darcy) velocity, Co and g are the concentration of contaminant at

the source and the concentration gradient at the exit boundary respectively, N,

is a unit normal to the domain €2 and, Fs and FE are the portions of the

boundary I" where the source concentration and concentration gradient are
prescribed.
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The hydrodynamic properties of the soil are described by the functions of
van Genuchten model (1980):

1

B — if h<o0
g e T
S 1 if h>0
K=K, (S )0.5 |:1_ (1_ S(l/ll))(l(l/l)):| for y > 1 (4b)
and
20_—a¥(0.26) g4 (1-s%) (40)
OX 1-¥

where :1_}/ , 6, and O, are the residual and saturated volumetric water
V4

contents of the soil respectively, S is the degree of saturation of the soil, K and

KS are the hydraulic conductivities of the soil at pressure head h, and at
saturation respectively and, & and y are the empirical constants determining
the shape of the function.

The weak form of Eqgn. (3) is written as

i 0 oC 0 0
T il I —nC-= = (5a)
£5c {aX(HDan — (uc)-nc at(RHC)}dx 0
JéCT 2[ QD( oc ) de—j 5CT£( ucC )dx
OX OX A OX (5b)

L L
—J 5CT§( ROC ) dx—[ &CTnC dx=0

0 0

L T
—j&(ac ]HD L 4x +oc"op %
0 OX 8x

I‘E
L (50)
—J 5CT(60jD—d j&cT 9 (uc)dx

OX %)
G Pt O
“[scT L (5c) dx—[scT L (RAC) dx =0
! 5 7€) & ! o (ROC)ax
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L T
—ja[ac JHD X 4x +oCT
0 OX

L
—J 5CT(60jD X 4 j&cT u 2 i
OX OX

(6)

L
aC
—j(scT RO .

0

do - jacT nC dx=0
By using divergence theorem, Eqgn. (6) can be rewritten as

L L
.
o oc oD @dx +J§CT(M)D ﬁd
OoX OX OX OX
0

0

L L
+j5CTi(uc)dx+jacTﬁ(Rec)dx %
) OX ) ot

[ o T o 6C
+[ 6CTyC dx=6CT D —n,
9 OX

Ie

By using Eqgns (1) and (2) in the discretization of Eqn (7), the following
relationship can be obtained:

&Y ] Ch+ [ &P (e} ={Q} (8)

where

O, DD, +O[UD,, + D ND,

(1) _ v (9a)
K. +®TD(MS%(1—S%) Jq,“ dx
1-v '
L
K= [[ @] 6R®, ] dx (9b)
0
0, =®6Dg | (9c)

l—‘E
where CD, (X) is the shape function of the RPIM.

Using Crank-Nicholson method for time approximation, Eqn (8) can be
written as



1-D CONTAMINANT MIGRATION USING RPIM 367

K., C, =R, (10)
where
K, =K"+Kk? (11a)
K? |- At
R={c},, 7] +(8 1e, - J (11b)
(1-¢) At [K“)] (1-&)At {0},
KY = ¢ At [K(l) ] (11c)

in which & is the constant varying between 0 and 1, Cn and Cn_l are the

nodal concentrations and, Qn and Qn_l are the nodal mass fluxes at the
starting and ending of the time increment, respectively.

Numerical Examples: Results

The proposed methodology using the RPIM is applied to the problem of
one-dimensional contaminant transport modelling. The porous medium in which
the contaminants move is homogenous with unsaturated condition assuming the
source of contaminant as continuous. A few processes occurring in the porous
media during transport are considered and four numerical examples are
presented to illustrate the applicability of the RPIM. The four examples
considered in the study are:

(1) Advection-dispersion,

(2) Advection-dispersion-sorption,

(3) Advection-dispersion-decay, and

(4) Advection-dispersion-sorption-decay.

In the present analysis, a central finite difference scheme (& = 0.5) is
used for time integration. In the RPIM, a linear basis function is used for
constructing the shape functions and for the TPS-RBFs, a shape parameter
g = 1.15 is chosen in the analysis.

The hydrodynamic and transport parameters along with the boundary
conditions that are considered in the analysis are tabulated in Table 1. Analysis
has been carried for two Peclet numbers (Pe) for all the example problems
presented in the paper. The RPIM model has been divided into 251 uniformly
spaced nodes for P = 2 and 51 for P. = 10. The problem domain [0, 50]
is divided into 250 and 50 elements, solely for numerical integration purpose.
Nodes of the background mesh are chosen such that they coincide with
the meshless nodes. A time step (At) of 50 s and the total time of simulation of
12 hours is used for all the examples.
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In order to study the influence of shape parameter q on the predicted
results, a parametric study is attempted by varying the shape parameter q from

1.05 to 1.50. From the results (Figure 1), it is seen that they were almost
invariant with respect to q.

Table 1 Parameters Considered in the Analysis

Parameter Value
Initial pressure head (cm) - 300.0
Boundary condition for flow at upper surface (cm) -75.0
Boundary condition for flow at lower surface (cm) - 300.0
Saturated volumetric water content (6s) 0.368
Residual volumetric water content (6;) 0.102
Saturated hydraulic conductivity of soil, Ks (cm/s) 0.00922
a(cm™) 0.0335
x 2.0
Bulk density of soil (g/cm?) 1.733
Distribution coefficient (cm®/g) 0.733
Decay constant (day ™) 0.864
Dispersivity of soil (cm) 0.1
Length of vertical column of soil (cm) 50
Initial concentration (ug/cm®) 0.0
Concentration at source boundary (ug/cm?) 1.0
ool
@ o g=1.05
0.8+ ‘:; o gq=1.15
s o7} ® * q=125
Sosf P e
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Fig. 1 Normalised Concentration Profiles for Different q Values

The results of the RPIM are compared with those obtained by the
Hydrus-1D model (Simunek et al. 1998), a finite element software (indicated as
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FEM in the figures). The results of both the RPIM and FEM are presented in
Figures 2 to 5.

From the figures, it is observed that for the grid Peclet number of 2, both
the models provide similar results and for grid Peclet number of 10, the results
of the FEM show oscillations at the level face of concentration, whereas the
RPIM model does not show any such oscillations. For high values of the Peclet
number, i.e. when advection dominates, special techniques must be developed
to obtain accurate solutions of the advection-diffusion equation in finite element
analysis (Donea and Huerta 2003).

As the RPIM generates a fully populated matrix, the computational speed
is slower than the FEM, which generates a symmetric tridiagonal matrix.
However, when comparing the two methods for a given accuracy, the RPIM is
much faster and stable than FEM.
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Fig 2 Comparison of RPIM Results with FEM Results
(Advection-Dispersion)
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Fig. 3 Comparison of RPIM Results with FEM Results
(Advection-Dispersion-Sorption)
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Fig. 4 Comparison of RPIM Results with FEM Results
(Advection-Dispersion-Decay)
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Fig. 5 Comparison of RPIM Results with FEM Results
(Advection-Dispersion-Sorption-Decay)
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Conclusions

In the present study, a meshless method called, RPIM is presented for
modelling the one-dimensional contaminant transport through the unsaturated
soils. The results of the RPIM are compared with those obtained using the finite
element method for the four types of one-dimensional contaminant transport
processes that occur in the unsaturated porous media. It is to be noted that the
RPIM produces accurate results for almost all types of transport processes thus
ensures the correct formulation of the RPIM. It is possible to extend the potential
usage of the RPIM for more complex transport processes involving higher
dimensions and complex boundaries. A future work in this direction is currently
under investigation by simulating the 2-D and 3-D contaminant migration
through the unsaturated porous media.
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