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Response of Extensible Reinforcement to 
Transverse Pull/Displacement: Linear Subgrade 

Behavior 

M.R. Madhav* and B. Umashankart 

Introduction 

Reinforced soil technique is adopted to a wide variety of appli cations such 
as reinforced soil walls, reinforced soil slopes, and reinforced embankments 
constructed over soft or unstable foundation, etc. The reinforcement in all the 
above instances is in the form of strips, bars, grids or sheets fabricated or 
manufactured from metal or geosynthetics. The reinforcement restrains tensile 
strains in the soil and thus increases the over all resistance of the composite 
medium through interfacial bond resistance but limited by its own tensile 
str.ength. The bond resistance that operates in reinforced soil is detem1ined 
either by direct shear or axial pull out tests (Jewell , 1996). Considerabl e 
literature is avai lable (McGown et a l. , 1982; Ingold, 1983; Jewell at al., 
1984; Juran et al. , 1988; Farrag et al. , 1993; Hayashi et al. , 1994; Alfaro et 
al., 1995; Lopes and Ladeira, 1996; Ochiai et al., 1996; Sobhi and Wu, 
1996; etc.) on the .test procedures, analysis and interpretation of axial pull 
out tests. 

However, the kinematics of fai lure (Fig.1) is usually such that the 
fai lure surface intersects the reinforcement obliquely. The reinforcement is 
thus subjected to both axial and transverse components of the force by the 
sliding mass of soil. Most available theories for the analysis and design of 
re in forced soi l structures conside r only the axial resistance of the 
reinforcement to pullout (Fowler, 1982 and Jewell, 1996) and not the 
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Center of Slip 
Surface 

FIGURE 1 Kinematics of Rei nforced Slopes, Embankments and 
Retaining Walls 

transverse one. The rei nforcement force (Fig.2) is considered to act 
tangentiall y by Quast ( 1983) and Delmas et al. ( 1992) or along a direction 
between reinforcement and the tangent to the slip surface (Rowe, 1984; 
Low and Duncan, 1985; Bonaparte, 1987; Huisman, 1987; Leshchinsky and 
Boedeker, 1989; Rowe, 1992; Bergado and Long, 1997). Under the action 
of axial pull , the normal stresses on the reinforcement-soil interface remain 
the same as the gravity stresses. Consequently, the shear resistance mobilized 
at the interface is proportional to only these normal stresses. However, under 
the action of transverse fo rce or di splacement, the soil beneath the 
reinfo rcement mobilizes additional normal stresses as the reinforcement 

FIGURE 2 Oblique Force in the Reinforcement (Bergado and Long, 1997) 
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FIGURE 3 : Definition Sketch (a) Reinforcement Subjected to Transverse 
Force, (b) Model (c) Normal Stress-Displacement Response of Fiii/Subgrade 

(d) Shear Stress- Horizontal Displacement Response of Interface (e) Deformed 
Profile and (f) Forces on an Element 

deforms transversely. As a result, the shear resistance mobilized could be 
considerably different in case of reinforcement subjected to transverse force. 
Madhav and Umashanka r (2002) studied the response of sheet reinforcem.ent 
to transverse pull/displacement consideri ng li near subg rade and incxtensible 
reinforcement. In this paper, a method is presented for the estimation of the 
pull out resistance of sheet re inforcement subjected to transverse force 
assuming linear responses of the ground and extensible reinforcement. 

Problem Definition and Analysis 

Figure 3a depicts an extensible sheet rein forcement of length, L, 

( . 
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embedded at depth, De, from the surface, in a soi I with a unit weight, y, 
and subjected to a transverse force, P, at one of its 0xtremes. The interface 
angle of shearing resistance between the reinforcement and the soil is ¢ ,. 
The response of the reinforcement to the transverse force is to be obtained 
in terms of a rel ation between the force, P. and the normal displacement, 
wL. at point B. The mode l proposed for the analysis is shown in Fig.3b. 
The reinforcement and the unde rlying so il responses are represented 
respectively by a rough membrane and a set of Winkler springs. The fill / 
subgrade response is linear (Fig.3c) while the rigid plastic resistance of the 
interface is depicted in Fig.3d. Figure 3e represents the deformed profile of 
the reinforcement. Even though the reinforcement is extensible, it is possible 
a portion A-A 1 of the reinforcement remains unstretched without unde rgoing 
any extension whereas the portion of the reinforcement between A 1 

and B 
undergoes transverse as we ll as horizonta l di splacements under the 
application of transverse displacement/force at point B. Thus shear stresses 
are mobilized only in the stretch A1-B of the reinforcement. No tension is 
mobilized at and to the left of point A 1

• The leng th 'A 1B' over wh ich the 
shear stresses are mobi I ized is deti ned as the " acti ve length of 
reinforcement", x

0
• q

1 
and qb and r

1 
<~nd rh arc the normal and shear stresses 

acting on the top and the bottom surfaces respectively of the reinforcement 
over the portion A 1B . The normal stress-di splacement relation of the soil 
is characte rised by the relation 

(1) 

where modulus ~f subgradc reaction (Terzaghi 1955), and 

w the transverse displacement 

Considering an infini tesimal element (Fig.3t) of length, ~x, unit width, 

the tensions and their inclinations with the horizontal at d istances x and 
x + ~x. are T and (T + ~ T) and () and (() + ~()) respectively. The horizontal 
and vertica l force equilibrium relations for the e lement are 

(T+ ~T)cos(t9+M.I)- T cose-(q 1 + q b)tan¢, ·~x 0 (2) 

and 

(T+~T)sin (()+~())-Tcose -(q 1 +q b)tan¢, ·~x 0 (3) 

Equations (2) and (3) on simplification reduce to 

dT . cl& 
cos()--Tsme - -(q, +q b)tan¢, = 0 

dx dx 
(4) 
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and 

dT dO 
sin O--T cosO--(qb -q1 ) = 0 

dx . dx 
(5) 

Multip lying Eqn.(4) with cosO and Eqn.(5) with sin O and adding the 
two, one gets 

(6) 

Similarly, multiply ing Eqn .(4) by sinO and Eqn.(5) by cosO and 
subtracting the latter from the fom1er, one gets 

(7) 

But tanO=dwjdx and d0/ dx=cos
2

0(d 2w/ dx 2
) and the subgrade 

(Winkler spring) response to the increase in normal stress, ( qb - q1 ) is equal 
to k, · w . Substituting for these in Eqns.(6) and (7) and simplifying for 
small values of 0 (i .e. cos O=I , sinO=O=O), the coupled governing 
equations for the reinforcement subjected to transverse force are 

(8) 

and 

(9) 

' · The o riginal problem is to derive the response of the reinforcement in 
terms of w and T for a given applied transverse force, P. However, it was 
found simpler to obtain the force, P, for a given free end displacement, wL. 

The boundary conditions are: at x = 0, the slope, dwfdx, of and 
tension in the reinforcement, T, are zero, and at x = L, the di splacement 
w = Wv 

The applied transverse load, P, is obtained from the vertical equilibrium 
of forces as 

L 

P = JK, ·w ·dx 
0 

( I 0) 
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Non -dimensional ising Eqns.(8), (9) and ( 1 0) with X= x/L, 
W= w/wL, T• =T/ Tmnxnp where T,nnxap = 2y D. Ltan ¢ ,. the axia l pullout 
capacity; and p• = P/y D~L , one gets 

dX 2 
( 11 ) 

• d2W 11-W 
-T --+ = 0 

dX 2 (2tan ¢ , ) (12) 

and 

(13) 

where k. L/yDe , a relative subgrade stiffness factor, and 

The boundary conditions become: at X = 0, T• = 0 and dW /dX = 0 
and at X = 1, W = 1.0. As the coupled equations cannot be solved 
analytically, a finite difference approach is adopted. Eqns.{ll), (12) and (13) 
111 finite difference form become respectively 

where 

(14) 

(15) 

{1 6) 

~X 1/n 
n the number of sub-elements in to which the 

reinforcement strip is divided into, 

nom1alised displacement at node 'i'. 

y• normalised tension at node 'i'. 
I 

Solving for nom1alised displacement and normalized tension, one gets 
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w, 
( 17) 

(18) 

Location of Active Length of Reinforcement and Solution 

The active length o f reinforcement, x
0

. is obtained by equating the 
reinforcement length associated wi th change in geometry to the increased 
length compatible with the strains associated with the developed tensile 
stresses a long the rein forcement (Burd, 1995). Thus the increased length of 
the po rtion of rei nforcement, A 1B, due to tensile stresses along the 
reinforcement should equal the length between A1-B1 obtained from the 
change in geometry of the portion, A1B due to the application of downward 
displ acement/ force (Fig .4). To locate the position of A1

, the reinforcement 
length is di scrctized into ' n ' elements (1. 2, 3, ... , (n+ l ) nodes). The position 
of A1 is located by traversing from (n + I )'h node towards node I . As there 
is no shear stress mobilized to the left of A 1

, the tension developed at all 
nodes to the left of and at A1 is zero. Supposing that A1 corresponds to some 
node j (I :5 j :5 n + 1) , the extended length, L', , of reinforcement between 
A1-B, calculated from the reinforcement strains is 

I L T(x) 
Lr = X0 + L£ .. - 1-dx ( 19) 

where T (x) is the tension developed m the re inforcement at distance x. 

Original Position of 
Sheet Reinforcement 
of Stifl'ness J 

Ylobilization of Shear p 

Vertical Displacement Profi le 
of Reinforcement 

FIGURE 4 : Procedure for Calculation of Horizontal Displacements 
along the Reinforcement 
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In finite difference form, the above equation becomes 

" T ( ) 
L1 = x + ""-; _x_ dx 

r 0 LJ J I (20) 
•=J 

where unstretched length of A1B, 

modulus of defom1 ation of the reinforcement and 

li (x) average tension developed in the i'h element. 

The length of reinforcement, L1s , between A1-B, calculated from the 
change in geometry due to enforced transverse displacement/force at point B, 
is given by 

L 

Llg = f 
L - x .. 

In finite difference form, Eqn.(21) becomes 

D.w . 
( )

2 

1+ --' dx; 
D.x; 

Eqns.(20) and (22) after nom1alizing reduce to 

Ll • ,. 

Ll • 
g 

(21 ) 

(22) 

(23) 

(24) 

·~ where I • 
L" L1

1
j L , 

I • 
Lg L

1
s/L , 

xo X 0 /L, 
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T/Tmaxap ' 

2yDt L tan¢,, the max1mum axial pullout force and 

Jj2yD. Ltan¢, , the relative stiffness factor of the 
reinforcement. 

X
0 

is to be located iteratively. Suppose in the process of node traversing 
to locate X

0
, one is at node 'k' , the boundary conditions to solve the 

governing equations for a given model are: the tension developed in the 
reinforcement at and all nodes to the left of 'k' are zero, i.r T; = 0.0, fQ[ 
1 :S i :S k and the slope at node 'k' is zero, i.e., ( dwjdx ); Lor ( dW jdX ); J 
= 0 at i = k. while at the right end, i.e. at x = L or X = 1.0, the displacement 
w = wL (or W = 1.0). 

Using the above boundary conditions, the governing Eqns.(l7) and (18) 
for the model are solved iteratively for normalized displacements and 
norn1alized tensions in the geosynthetics for the given relative stiffness and 
normalized front end displacement at the right of the reinforcement. I.!· and 
L1s• are evaluated from Eqns.(23) and (24) and equated. In case th~y are 
unequal, another imme.diate node to the le ft of node k, i.e. (k- 1) is selected 
and the above procedure repeated. Thi s process of node traversing is 
continued until the abso lute differences (L1

, '- L1s.) at i'h node, i.e. 

I( I • I • ) I th I( I • I • ) I L" - I..:s ; and at ( i+ I) node, i.e. L, - I..:g i+l computed using 

Eqns.(23) and (24) are equal. To start with, k is taken to be at node (n+ I) 
and ' k' is traversed from node (n+ I) towards I. The maximum value of X

0 

can be 1.0 i.e. X
0 

= L, the full length of reinforcement (the case in which 
the shear stresses are mobilized over the entire length of the reinforcement). 

The normalized displacements and tensions for this active length of the 
reinforcement are the actual displacements and tensions. The normalized 
transverse force, p', is then obtained from Eqn.( 16). 

The reinforcement is divided into 1000 elements and as the slope of 
the reinforcement, e, is considered to be small , the normalized front end 
di splacement, W L• is restricted to a maximum value 0.0 I. Parametric studies 
have been carried out for wL/ L = 0.001 to 0.01 ; o. = l to 10 m; L = 2 

TABLE l Modulus of Subgrade Reaction in MN/m3 

Soi l Characlerislics Loose Medium Dense Dense 

Dty or Moist Sand 6-1 8 18-90 90-300 

Submerged Sand 7.5 24 90 
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to 8 m; ¢,. = 20° to 40°, y = 15 to 20 kN/m3 and J = 0 to I 0,000 kN/m. 
The va lues of coefficient of sub grade reaction. k,, considered (Scott, 1981) 
are shown in Table I. For the above ranges of parameters, the relative 
subgrade stiffness factor, fJ. (= k,L/yD.) ranges between 50 - 100,000 and 
relative stiffness factor for reinforcement, J' , ranges from 0- I ,000. 

Results 

A parametric study is carried out for quanti fyi ng the normalized values 
of the active length of reinforcement, X

0
, the displacement, w '(= w/L ), the 

tension, T' , the transverse force, P' , maxi mum tension at right end, I 'n , 
t ax 

slope or inclination of reinforcement at right end, (} 1 and the nom1alized 
pullout force, T,:,ax cos8L. -· 

Relutively Sojier S ubgm des/Fills 

Low value of fl (= k, L/yDc ) indicate relatively soft subgrades or 
deeper depths of embedment of reinforcement. Hence to simulate a relatively 
softer subgrades, a low value of fJ. = 500 is considered to study the effect 

\ of relative stiffness factor, J", in this type of subgrades/fi lls. 

... 

Variation ()(A ctive Length of Reinforcement. X, with WL 

For a given relative stiffness of reinforcement, f , the normalized active 
length of reinforcement, X

0
, increases with increase in front end displacement, 

W L (Fig.5). Only a very small part of the re inforcement gets elongated (i.e. 

~ 0.5 

0 

0.001 0.0055 

w .. 
0 .01 

FIGU RE 5 : No rmalised Active Length of Reinfo rcem ent, X
0

, Vs. W~, for 
Relat ively Soft Subgrades (p = 500) - Effect of ,( 
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X"< 1.0) for reinforcements with low J' va lues ($ 1000). Full length of 
reinforcement gets stretched and hence the shear stresses are mobili sed over 
the full length of reinforcement beyond certain front end displacement, W L• 

for large J' ( ~ 1000). X., becomes equal to 1.0 even at very small front end 
displacements, w~.. for these J' values. X0 = 1.0 at W L = 0.005 and 0.0075 
for J' = 5000 and 2000 respectively for p = 500 and ¢, = 30°. 

Displacement and Tension Profiles 

The length over which th e reinforcement undergoes transverse 
deformatio ns increases with increase in relative stiffness factor, f. The 
normalized transverse displacements, w'. are zero or negligibly small for 
X < 0.76 and increase sharpl y to 1.0 beyond X = 0.76 for Jl = 500 and 
¢, = 30° and at a front end displacement o f W L = 0.0 I (Fig.6). The 
reinforcement undergoes transverse disp lacements, w', only over a small 
length, 0.96 < X < 1.0, for relatively highly extensible reinforcements 
(J' = 1.0) whereas this zone increases to 0.79 < X < 1.0 for relatively stiff 
reinforcements (f ~ 1000). The transverse displacement profil e for J' ~ 1000 
is identical to that of an inextensible reinforcement (Madhav and Umashankar, 
2002) 

The variations of nom1al ized tension with normalized distance for 
relati ve stiffness of the reinforcement, J' = I, I 0, 50, 100, 250, 500 and 
~ 1000 for w ~. /L = 0.01 , Jl = 500 and ¢ ,= 30°, are depicted in Fig. 7." As 
the reinforcement stiffness increa ses, large tracts of re inforcement-soil 
interfaces mobilize shear resistance. For f = I, shear resistance is mobilized 
only over a length of 0.1 L from the right end whereas for f ~ 1000, shear 

0.7 

0 

::: 0.005 

0.01 

0.8 0.9 

Rein fo rcement 

FIGU RE 6 : Effect of J' on T r ansverse Dis placement Profiles for 
Rela tive ly Soft/Weak Su lJgra des (jJ = 500) 

.! 
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1.2 

J';:: IOOO, lnextensib le 

·~- 0 () 

0 

0 0.5 

X 

FIGURE 7 Effect of J' on Tension Profiles for Relatively Soft/Weak 
Subgrades (Jl = 500) 

resistance is mobilized over the entire length of reinforcement for fl. = 500 
and ¢ , = 30° and at a front end displacement, W L = 0.0 I . For a given 
relative stiffness of the reinforcement, the tension increases linearly over the 
initial portion of the reinforcement. The variation of tension with di stance 
becomes non-linear near the right end of the reinforcement where large 
transverse displacements are mobilised. The mobili zation of transyerse 
displacements causes an increase in the shear resistance along the interface. 
The normali zed tension pro file for f :2: I 000 is identical to that of an 
inextensible reinforcement (Madhav and Umashankar. 2002) 

Variations of P' . 1;,:ax. fJL and r,,:"' cos O L with WL 

The normalized transverse force, P' , increases almost linearly with front 
end displacement, W L• for relatively extensible reinforcements (J' :s: 50). The 
increase of p' with W~, is non-linear for increasing relative stiffness values of 
reinforcement (Fig.8). Very small normalized transverse force is sufficient to 
cause a given front end displacement for highly extensible reinforcement as 
the length over which the shear resistance gets mobilized is small. p' = 0.05 
is sufficient to give W L = 0.0 I for .!' = 1.0 and for f-L = 500 and ¢ , = 30°. 
But for relatively large relative stiffness of reinforcement (J ' = 1000), p' 
value as high as 0.24 is required to cause the same displacement as the shear 
resistance is mobil ized almost over entire length for the same set of 
parameters. The variation of r' with W L becomes identica l to that of 
inextensiblc reinforcement for W1 :2: 0.007 for .1 ' = 2000 and for W L :2: 0.004 
for J' = 5000 for the above set of parameters (Madhav and Umashankar, 
2002) 
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·c. 0. 12 

0 

0 0.005 0.01 

FIGURE 8 Normalised Transverse Force, P', Vs. WL for Relatively Soft 
Subgrades (jl = 500) - Effect of J' 

The max1mum tension developed. T,~"·' in the reinforcement at x = L 
is almost negligible for highly extensible reinforcements (1" = 1.0) as the 
shear resistance is mobilized over small tracts of reinforcement. T' varies max 
almost linearly with W L in the entire range 0.00 I to 0.0 I for J' varying from 
1.0 to I 000 (Fig.9). The tension developed at x = L is as low as 0.08 for 
J' = 1.0 whereas it is as high as 1.12 for J' = 1000 at W L = 0.0 I and for 
ll = 500 and ¢ , = 30°. The variation of T' . with W L for W L ~ 0.0 I for 

• • l1k1X • 

J = 1000, W L ~ 0.007 for J = 2000 and W L ~ 0.004 for J = 5000 

... 
E 

E-< 

1.2 

0. 8 

0. 6 

0.4 

0 

0.001 0.0055 0.01 

FIGURE 9 Normalised Maximum Tension, T,~'"' , Vs. WL fo r Relatively Soft 
Subgradcs (jl = 500) - Effect of J' 

( 

.. 
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_, 
§ 20 

0 

0.00 1 0. 0055 

Wr. 

0.01 

FIGURE I 0 : Inclination of Reinforcement, (}L, at X = I Vs. W L for 
Relatively Soft Subgrades (J.t = 500) - Effect of J• 

becomes identical to that for an inextensible reinforcement for fA. = 500 and 
¢, = 30°. T,:,ax values predi cted considering the reinforcement to be 
inextensible are considerably larger than those for extensible reinforcements. 

The normal displacements are confined to a small portion near the 
right end for hi ghly extensible reinforcements for a given free end 
displacement at the right end (Fig.6). Hence, the inclinations, fJ~_, of highly 
extensible reinforcements with the horizontal at x = L arc quite high. The 
inclination, fJL, of reinforcement with relative stiffness, J' = I , is as high as 
38° at x = L whereas it is 11 .5" for J• = 1000 and for W'- = 0.01 , fA. = 500 
and ¢, = 30° (Fig. I 0). OL increases gradually with W L · For J* equal to 2000, 
the maximum inclination of the reinforcement, fJL, for front end displacement, 
W~_ ?: 0.005, becomes equal to that for an inextensible reinforcement for the 
above set of parame~ers. 

The trend of variation of normalized axial component of pullout force, 
T·. cosfJ1 , with normalised front end displacement, W~_, (Fig.! I) is similar 

llltl X .. 

to that of the variation of normalized maximum tension, T,~"'x, with WL 
(Fig.s>). The pullout force , T,:"'x cosfJ ~_, is significantly less that the axial 
poullout capacity for highly extensible reinforcements (f ::s 500). But 
T,:"" cosO~. becomes larger than T,:,axop for relatively large stiffness of 
reinforcement and beyond certai n front end di splacements. 
Tmax cosfJL > Tmox ap for WL greater than 0.0065 and 0.004 for J* equal to 
2000 and 5000 respectively for fA. = 500 and ¢ , = 300. Thus the axial 
component of pull out force due to transverse displacement is marginally 
higher than the axial pull out capacity conventionally assumed in design for 
stiff reinforcement and transverse displacements, w~_ , of the order of 0.05 or 
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1.2 

..=:, 0.8 
<D 

"' 0 0.6 C.J ... 
E . 
~ 0.4 

0.2 

0 -, 

0.00 1 0.0055 0.01 

w .. 

FIGURE I I : Nor malised Max imum Pullout Force, T,~,., cos O~. , Vs. Wt. 
for Relatively Soft Subgrades (p = 500) - Effect of J' 

more . For all other · cases, the axial capacity of pull out force due to 
transverse displacement could be considerably less than the axial capacity for 
extensible reinforcement in soft subgrades. 

Relatively Stiffer Subgrades/Fills 

High values of p (= k
5
L/yD<) indicate relat ively stiff subgrades or 

shall ow depths of embedment of reinforcement. Hence to simulate a relatively 

~ 0.5 

0 

0.001 0.0055 0.0 1 

F IGURE 12 : Norma lised Active Length of Reinforcement, x., Vs. W L 

for Relatively Stiff Subgrades (p = 10,000) - Effect of J' 
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stiffer subgrades, a high value of p = 10,000 is considered to quantify the 
effect of re lative stiffness factor, J', on the response of the reinforcement to 
transverse displacement. 

Variation of Active Length of Reinforcement, X, with WI. 

The variation of X" with W L (Fig.l2) for 11 = I 0,000 is similar to that 
for relatively soft sills/subgrades (Fig.5). But larger lengths of rein forcement 
get stretched in stiffer fill s/subgrades for a given relati ve stiffness of 
reinforcement. X.., is as high as 0.99 for 11 = 10,000 whereas it is j ust 0.58 
for JL = 500 for a reinforcement of re lative stiffness, J·, equal to 250 and 
W L = 0.0 I. The full length of reinforcement gets e longated at smaller front 
end di splacements in stiff fills/subgrades, i.e., full length of reinforcement 
gets e longated for W L ?: 0.025 and 0.05 for 11 = 10,000 and 11 = 500 
respectively for f = 5000 and ¢, = 30". 

Displacement and Tension· Profiles 

The normalized disp lacements, w·, get highly localized near the right 
\ end for relatively stiff soi ls (JL = I 0,000) (Fig. 13). The transverse 

disp lacements are zero or negligiblv small for X < 0.93 but increase sharply 
to 1.0 beyond X = 0.93 fo r 11 ·· 10,000, ¢, = 30° and WL = 0.01. Relatively 
extensible reinforcements undergo transverse deformation over a negligibly 
small portion in stiff soi ls. The transverse defom1ations take place over 
0.98 < X < 1.0 for 11 = 10,000, f = 1.0, ¢ , = 30'' and at a front end 
displacement of W L = 0.01. A comparison of Figs.6 and 12 reveals that the 
phenomena of localization of transverse displacements is predominant in s tiff 

" 

X 

0.95 0.9 

Or-------------~~~~~~ 

~ 0.005 

Reinforcement 

0.01 

FIG URE 13 : Effect of J on Transverse Displacement Profiles for 
Relatively Stiff Subgr adcs (}l = 1 0,000) 
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0 0.5 

X 

FIGURE 14 Effect of l on Tension Profiles for Relatively Stiff Subgrades 
(/l = 1 0,000) 

soils and the transverse displacements become identical to those for 
inextensible reinforcements even at smaller stiffness of reinforcement, J", in 
stiff soils. The transverse displacements are identical to inextensible 
reinforcements at a relative reinforcement stiffness, f ~ 250 in stiff soils 
(p. = 10,000) whereas the corresponding value is as high as f ~ 1000 for 
f-1. = 500 for ¢, = 30° and WL = 0.01. 

The variation of normalized tension, T·, with normalized di stance, X, 
for stiff fill s/subgrades (p. = 10,000) (Fig. I4) is similar to that for soft fills/ 
subgrades (p. = 500) (Fig.7). But the tension mobilized in the reinforcement 
is higher in stiffer fills/subgrades compared to the values in softer fills/ 
subgrades because of large stiffness of the subgrade and as the active length 
over which large shear stresses gets mobilized is higher for the former 
for a given relative stiffness, J", of reinforcement. The tension profi les for 
r ~ 250 become identical to that for an inextensible reinforcement for 
f-1. = I 0,000 and ¢ , = 30°. 

The variation of nonnalized transverse force, P·, with WL (Fig. l5) for 
reinforcement in stiff tills/subgrades (p. = I 0,000) is similar to that o f 
reinforcement in soft till s/subgrades (p. = 500) (Fig. 8). p· values are much 

, higher for reinforcements in stiff fill s/subgrades (p. = I 0 ,000) compared to 
those for soft fills/subgrades (p. = 500). p* ·value is 1.15 for f-1. = 10,000 
compared to a value of 0.18 for f-1. = 500 for a relative stiffness of 
reinforcement, f = 250, for W L = 0.01 and ¢ , = 30°. 
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1.2 

~ 0.6 

0 

0 

lnextensible 
Reinfo ·cement 

0.005 0.0 1 

FIGURE IS Norma lised Tra nsverse Force, P' , Vs. WL for Relatively Stiff 
Subgrades (}l = 1 0,000) - Effect of J . 

The trends of vari ations of other quanti ties, viz., the maximum tension, 
T• , the incl ination, ()1, of reinforcement at X = 1.0 and the maximum max -

pullout force, T,:l:IX coseL' with WL for !l = 10,000. are found to be similar 
to those for fl = 500. But the magnitudes are significantly different. The 
axial pull out resistance, T,:,,. cosHL. due to transverse displacement of the 
re inforcement is found (Fig. l6) to be greater than the resistance, Tmaxap, for 
W L greater than 0.007, 0.006, 0.004, 0.003 and 0.002 for 1" equal to 250, 

....! 
<l:l 

"' 0 
:.I ... 
5 

r-

1.5 

0.5 

0 

0.001 

lncxtensible 

0 .0055 0.01 

FIG URE 16 : Norma lised Maximum Pullout Force, T,:,., cos8 L Vs. W L for 
Relatively Stiff Subgrades (}l = 1 0,000) - Effect of J . 
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,( 

FIGURE 17 : Normalised Active Length of Reinforcement, X
0

, Vs. J' 
for Relatively Soft (JJ = 500) and Stiff Sul>grades (JJ = I 0,000) 

Subgrades - Effect of W L 

500, I 000, 2000 and 5000 respectively for JJ. = I 0,000 and ¢ , = 30°. Thus 
the axial component of pullout force due to transverse displacement is larger 
than the corresponding one for pure ax ial pull out. 

Variations of X(), p ' , 7;,:11.1 . (JL and 7;1~£1.1 cosO L with 1'-Effect of WL 

The variat ion of X0 with J' is depicted in Fig. l7 for front end 
displacements of WL, equal to 0.005 and 0.01 for soft and stiff fi llslsubgrades. 
The value of X

0 
increases continuously with f . The rate of increase of X

0 

with J', increases with both W L and fl. Larger the values of W L and Jl, the 
faster is the increase of X0 with f indicating stiffer reinforcements gets 
eiGpgated over larger lengths for these conditions. For a given stiffness and 
front end displacement, W L• of reinforcement larger lengths of reinforcement 
get stretched (i.e. larger X0 values) for stiff fill s/subgrades. Full length of 
reinforcement gets elongated (i.e. X

0 
= 1.0) for J' values of 5000 and 2000 

in softer fi lls/subgrades (JJ. = 500) and for J' = 2000 and 500 for stiffer fills/ 
subgrades (JJ. = 10,000) at front displacements, W L• equal to 0.005 and 0.01 
respectively and for </>, = 30°. 

The normalized transverse force, r ', increases initially with the relative 
stiffness of reinforcement, f , and reaches a constant value (Fig. IS). Thus the 
transve rse force required to cause a given front end displacement is 
independent off beyond a certain value of J'. p' is 1.15 for J' > 500 and 
/l = I 0,000 whereas it is 0.24 for J' > I 000 JL = 500 at a front end 
displacement, W L• equal to 0.0 I, and </>, = 30°. 
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1.4 

- -- · Soft sub grades 
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0 2500 5000 

FIGURE 18 : Norma lised Transverse Force, r ·, Vs. J" for Rela ti vely Soft 
(Jl = 500) and Stiff Subgradcs (Jl = 1 0,000) Subgrades - Effect of W L 

The vanat10ns of max imum normalized tension developed , T•na , 
I , X 

(Fig. l9) in the reinforcement at x = L with f are very similar to the trends 
exhibited by the variations of active length of reinforcement, X

0
, with J* 

(Fig. I 7). 

The transverse displacements, w·. become highly localized near the 
right end of reinforcement for very sti ff fi lls/subgrades and for highly 

1.8 ,----------------- -----, 

.. 
. e o.9 
f-
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/ _..,......-

'/ ..., .... 
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0-'-----------------------------------i 
0 :!500 5000 

,,· 

FIGURE 19 : Normalised Maximum Tension, T,:,.,, Vs. J . for Relatively Soft 
(Jl = 500) and Stiff Subgrades (Jl = I 0,000) Subgrades - Effect of W L 
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FIGURE 20 Inclination of Reinfor·cement, qL a t X 
Relatively - Effect of W L 

1 Vs. J" for 

extensible reinforcements (Fig. l3 ). The transverse deformations remain 
constant beyond certain relative stiffn ess of reinforcement. Hence, the 
inclination of reinforcement, eL, at X = L decreases initially with increase in 
the relative stiffness of reinforcement, J', but remains constant beyond certain 
stiffness of reinforcement (Fig.20). The inclination is high at about 39° for 
J" ::::: 500 and !l = I 0,000 but is just I I o for f 2: 1000 and fl = 500 for 
front end displacement, W L = 0.0 I, and ¢, = 30°. 
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-----OOQ) - ----

2500 
J ' 

- - - - Soft sub<,;rades 

-- Stiff subgrades 

5000 

FIGURE 21 : Normalised Maximum Pullou t Force, 1~: . ., cos 8L , Vs. J" 
for Relatively Soft (p = 500) a nd Stiff Subgrades (p = 10,000) 

Subgrades - Effect of W L 
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The variation of normalized axia l component of pullout force, 
T ' cosel ' developed in the rein forcement at X = L with ]' (Fi g.2l) is ma\ ...... 

sim ila r to the variation of max imum normalized tension developed, T,~'" , in 
the rein forcement at X = L with .1 ' (Fig.l9). T' . cose, is more than the 

11\t\X . 

axial pull out capacity by 21% for J' 2: I 00 and !A- = I 0,000 and 9%, fo r 
J' 2: 1000 and for fA- = 500 for a WL = 0.0 1 and ¢ , = 30°. 

Variation of Transverse Pull and Axial Pullout for Typical Fi/1/Subgrade 
Properlfe.s. 

The variation of transverse pull and axial pullout at various transverse 
displacements for typical values of k, = 20,000 kN/nY\ L = 3 m, De= 6 m, 
y = 20 kN/m3 and J = 5000 kN/m is presented in Table 2. The axial pullout 
capacity for a purely axial pull is 4 15.7 kN for the above subgrade and 
reinforcement properties whereas the axial pullout is quite less, depending on 
the transverse front end di splacement, when inclination of the rein forcement 
is considered (Table 2). 

Conclusions 

The response of ex tensible reinforcement sheet embedded in a fill at 
depth and subjected to a transverse displacement is analysed by considering 
a linear subgrade response. The governing coupled equations are normalized 
and solved numerica lly. The variations of the several parameters such as 
transverse di splacements and tension with distance, and of maximum tension, 
maximum inclination and the axial pullout capacity of reinforcement with 
normalized front end displ acement as effected by the re lative stiffness of 
reinforcement, 1', are quantified. The study is carried for both soft/weak as 
well as stiff/strong subgrades/fill s. A comparison is brought out in the 
responses of extensible and inextensible reinforcements to transverse pul l/ 
di splacement. It is observed that the ax ial component of pullout force for 

TABLE 2 : Variation of Transverse Force and Axial Pullout with 
Transverse Displacement (k, = 20,000 kN/m3

, L = 3 m, De= 6 m, 
y = 20 kN/m3 and J = 5000 kN/m) 

WL (m) P (kN) T"''·' cosO (kN) 

0.0015 0.418 7.232 

0.0030 1.173 12.418 

0.0075 4.5 18 26:010 

0.0150 12.265 44.988 

0.0225 22.0 14 62.332 

0.0300 33.28? 78.342 
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inextcnsible re inforcements is considerably higher than that for extensible 
reinforcements. T he axial pullout for an inextensible re inforcment is nea rly 
90% greater when compared to a relatively extensible reinforcement with 
1' = I 0.0 for W L = 0.005, f.J. = 500 and ¢ , = 30°. Hence, it is very important 
to consider the extensibility of the reinforcement in the analysis. 

The active length, X
0 

= 0.09 L for J* = I 0.0 whereas it is I .OOL for 
J' ;::: 5000 at W L ;::: 0.005, f.J. = 500 and ¢ ,. = 30°. Thus, the active length 
of reinforcement inc reases with re inforcement stiffness and equals the full 
length of reinforcement for stiff reinforcements beyond a certain fron t end 
displacements. This front end displacement at which the full length of the 
reinforcement gets e longated decreases with inc reasing stiffnesses o f the 
reinforcement and the subgrade. The axial component of pullout force 
remains nearly constant for 1" ;::: 5000 for transverse front end displacement 
beyond 0 .04L w ith fill/ subgrade properties, fl. = 500 and ¢, = 30°. The axial 
pullout is nearly 188% greater for a sti ff fill /subgrade with f.J. = 10,000 
compared to a re latively soft fill/ subgrade wi th f.J. = 50 for a reinforcement 
with J' = 100.0 and ¢,. = 30°. T hus, it is established that reinforcement 
subjected to transverse pull in stronger and sti ffer granular fi lls offers a 
maximum pullout response that is signi ficantly larger than the purely axial 
p ullout capacity. This pu llout response due to transverse di splacement 
inc reases with the front end displacement, W L• and with the sti ffness of 
subgrade and rei nforcement. 
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Notations 

DC 

J 

;* 

ks 

L 

L'g 

L' • 
g 

L',. 

Ll • ,. 

n 

p 

p' 

q 

qb 

'· q, 

quit 

T 

Tmnxop 

T' 

T1:1ax 

w 

Embedment depth of reinforcement. 

Stiffness of reinforcement. 

Relative stiffness of reinforcement 
(= Jjl~naxop, Tmoxap =2yDeLtan¢, ) 

Initial tangent modulus of sabgrade reaction . 

Length of reinforcement. 

Extended length of reinforcement calculated from 
change in geometry. 

Extended length due to change in geometry 
nom1alized with length of reinforcement. 

Extended length of reinforcement calcu lated from 
tensions along reinforcement. 

Extended length due to strains normalized with 
length of reinforcement. 

Number of elements the reinforcement is divided. 

Transverse force at front end. 

Normalised transverse force (= PjyDeL ). 

Normal stress due to transverse displacement. 

Stresses acting on bottom surface of reinforcement. 

Stresses acti ng on top surface of reinforcement. 

Ultimate bearing resistance of the soil. 

Tension developed in the reinforcement. 

Axial pu ll out capacity (= 2yDeL tan ¢ , ). 

Norma lised tension developed in the reinforcement 
(= T/ Tmaxor, Tmoxap = 2yDcLtan ¢ , ). 

Normali sed maximum tension in the rein forcement 
(= Tmax/Tmnxop ) 

Transverse displacement of reinforcement. 
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wL Transverse displacement at front end. 

W . Transverse displacement of reinforcement 
nom1alized with wL (= wjwL ). 

W L Nom1alised front end displacement (= w L /L ). 

w· Transverse displacement of reinforcement · 
nom1alized with L (= w/L ). 

X Nom1alized distance (= x/L ). 

X0 Active length of reinforcement. 

X0 Active length normalized with length of 
reinforcement. 

~X 

e 

r 

!'max 

Length of infinitesimal element. 

Length of infinitesimal element in normalized fom1. 

Relative subgrade stiffness factor (= ksL/yDe ). 

Unit weight of soil. 

Interface angle of shearing resistance between 
reinforcement and soil. 

Inclination of reinforcement. 

Inclination/slope at front end. 

Mobilized shear stress at interface. 

Shear stresses on bottom surface of reinforcement. 

Shear stresses on top surface of reinforcement. 

Maximum shear stress that can be mobilized along 
interface. 

Maximum shear stress that can be mobilized at 
bottom surface of reinforcement sheet 

Maximum shear stress that can be mobilized at 
bottom surface of reinforcement sheet 




