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Method for Establishing Critical Failure Surface 
in Passive Pressure Determinations 

Kanakapura S. Subba Rao* and Jyant Kumar' 

Introduction 

The dete rmination of earth pressures, both active and passive, has been 
a classical problem in geotechnica l eng ineering as its forms the basis of 

solving problems like retaining walls, foundations in e ither compression or 
tension, anchors, sheet piles, etc. Limit equi librium method is very frequently 
employed in the evaluation of these earth pressures. In this method , a 
certain failure surface is a lways assumed and the required magnitude of 
earth pressure is obtained by satisfying the statical equili brium of the soi l 
mass containing with in the most dangerous failure surface, the position of 
which, however, remains to be searched. In the a~.:ti ve case, the resul ts 
obtained from planar rupture surfaces and that from curved rupture surfaces 
differ insignificantly. But, in the passive case, the curved rupture surfaces 
are necessarily to be used. While solving the slope stability problems, 
Rendulic ( I 935) has considered a log-spiral failure surface, which was . later 
employed by Terzaghi (1943) in determining the passive earth pressure. The 
results obtained with logarithmic spira l fai lure surface :~re a lmost c lose to 
that of Sokolovoski 's ( 1960) sl ip line method. A ltho ugh, the earth pressure 
coefficients from various other methods like Caquot and Kerise l ( 1948), 
Brinch Hansen ( 1953), Soko lovoski ( 1960), Lee and Herington, ( 1972), etc., 
are eas ily avai lable, the avai labi lity of the earth pressure coefficien~s by the 
logarithmic spira l method, is perhaps still scarce. By making use of this 
method, Shields and Tolunay ( 1972) have developed passive earth pressure 
coefficients for a vertical wall with positive wall friction anole (A) 1· e c h b v , . . ., IOf 
t e case when the wall moves re lat ive ly in a downward direction as 
compared to the_ .soi l wedge_. ~y considering the problem of passive earth 
pressure for pos1t1ve wa ll fnct1on over an incl ined retaining wall , Terzaghi 
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(1943) obtained the solution for the bearing capacity of foundation. However, 
for negative wall friction, the solution with this method is still not available. 

Eventhough the shape of the failure surface can be assumed, e.g., 
log-spiral, the nature of the same, convex or concave, at its lower portion 
will not be apparent. In the classical problem of bearing capacity, which 
deals with +ve D, the nature of all the failure surfaces has been convex, but 
the same convex nature will not hold good for all inclinations of the retaining 
walls. Similarly, even for negative 5, as for example in anchor pull-out 
problems, the nature of the failure surfaces will not always be concave. It, 
therefore, becomes necessary to establish the nature of the failure surface 
which will be consistent with the given problem. What is presented in this 
paper is a method by which the nature of the failure surface · can be 
determined. Also proposed here is a method by which the position of the 
critical failure surface can very rapidly be obtained. By making use of the 
methodology as proposed herein, a comprehensive set of passive earth 
pressure coefficients has been developed for an inclined retaining wall 
supporting sand for both positive and negative wall friction. 

The Method 

Determination of Nature of Failure Surface 

Theories as well as experiments have indicated that depending upon 
the roughness, movement and the orientation of the wall, both for active and 
passive cases, two different natures of curvature, convex or concave, of the 
lower portio~ of the failure surface as shown in Figs. l(a) and (b) generate 
in the soil mass. The nature of the failure surface will be referred to as 
convex/concave when the failure · surface is curving inward/outward when 
viewed from with in the failure mass. The shape of the failure surface is 
taken as a combination of an arc of a log-spiral for the curved portion and 
a straight line in the Rankine passive zone as shown in the Fig. 1. By 
comparing the statically correct inclination of the failure surface at the base 
of the wall to the inclination of the same in the Rankine zone, the nature 
of the failure surface can be determined as follows : 

Let, f3 = angle which the retaining wall makes with the vertical· tt ts 
considered as +ve when the wall rotates in a counter-clockwise dir~ction 
with respect to the vertical as shown in Fig. 1. 

For any failure surface to be statically correct, it should satisfy. : (i) the 
available boundary conditions; and (ii) the failure condition (i.e., the Mohr
Coulomb failure criterion). For the portion of a failure surface in the Rankine 
passive zone, these conditions automatically get satisfied. Whereas these 
conditions at the bottom of the wall can only be satisfied for a certain 



METHOD FOR CRITICAL FAILURE SURFACE 299 

(a) Convex failure surface 

(r1-L) 

(b) Concave failure surface 

L 2~3 

H 

FIGURE I : Convex and Concave Failure Surfaces in Passive Case 

inclination, ~, the magnitude of which will become 

(I) 

in which, J1. 0 / 4-¢ / 2; 

~ principal value of sin - 1(sin8/sin<P) ; and 

aw statistically correct inclination of the failure surface 
with the horizontal at the bottom of the wall. 

The above equation has been derived using Sokolovski's method. 
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FIGURE 2 Determination of Nature of the Failure Surface 
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In the Rankine passive zone, the fa ilure surface becomes a straight line 
making an angle J1 with the horizontal. To satisfy the geometry and the 
a iven stress conditions of the present problem, the path of the failure surface 
;hould be a continuous smooth curve. As a result, on making a comparison 
of the statical correct inclination of the fai lure surface at the wall with that 
of the inc lination of the same in the Rankine passive zone, the following 

criterion can be established : 

(i) aw > J1 
(ii) aw < J1 

(iii) aw = J1 

concave failure surface; 
convex failure surface; and 
straight line failure surface. 

Based upon the above criteria, Fig. 2 has been developed. For given 
values of f3 and ¢, it gives the required minimum 8 I ¢ values for the 
development of convex failure surface. Similarly for g iven 8 and ¢ values, 
it provides the maximum wall inclination angle f3 , for the generation of the 
convex failure surface. For a given problem, to know whether the convex of 
concave fai lure surface will develop, one need to plot a point on the Fig. 2 
fo r the given co-ordinates f3 and 8 I 4J. If this point lies above the 
corresponding ¢ - curve, then only concave surface develops. If on the other 
hand, the point lies below the corresponding ¢ - curve, the failure surface 
will be convex. If the point lies on the corresponding ¢ - curve itself, the 
fa ilure surface will be planar, being neither convex nor concave. In other 
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words, a number of combinations of f3 , ip and 8 I ip are possible for which 
the failure surfaces will only be planar. 

Determining tire Position of Critical Failure · Surface 

After identi fy ing the nature of the fai lure surface, any number of fa ilure 
surfaces the focus of which should lie on the line GB making an angle J.l 
with the horizontal as shown in Fig. I (a) for convex nature and Fig. I (b) for 
concave nature, can be tried. The required magnitude of passive force, PP, 
the position of which is assumed to act at one-third height of the wall , can 
be calculated by taking the moment of all the forces acting on so il wedge 
GLBW about the focus F. Among all these failure surfaces, the one which 
corresponds to a minimum value of PP will be the critical. 

The approx imate position of the critical, can be determ ined by 
satisfying the statically correct orientation of the fai lure surface at the bottom 
of the wall. The geometric details of such failure surface can be determined 
by knowing the value of ~ from Eqn. ( I). With reference to Figs. I (a) and 
(b), it can be seen that, 

(i) For convex fai lure surface 

ro 
D cos (J.l. + fJ) 

= --X 
cos{J . sin w 

(2) 

L = 
D cos(w+ Jl+ fJ) 

--X 
cos {J sin w 

(3) 

r, = [ ewtanlj) 
0 

(4) 

(ii) For convave fai lure surface 

rl = ~ x cos(Jl + fJ) 
cos f3 sinw 

(5) 

L = 
D cos( w- 11 - fJ) 
-- X 
cos {J sin w 

(6) 

ro = rl/ ewtanlj) (7) 

wherein, length of init ial radius vector, 
length of final radius vector, 

D 

distance b~twecn the focus and the top point of the 
retaining wall, and 
vertical height of the retaining wall. 
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Extensive computations by varying ¢ from 10° to 50°, f3 from - 45° to 
+ 45° and o from - I/> to + cf>, have shown (Tables I to II ) that the magnitudes 
of passive earth pressure as calculated on the basis of a failure surface which 
satisfies statically correct orientation at the base of the wall, are almost the 
same as determined with the critical failure surface. In the Tables I to II , 

kpr passive earth pressure coefficient 

p py coso 

(r D2 ;2) 

Error (%) = [ kpr tproxi. - [ kPr Lrilical X I OO 

[ kpr ]critical 

(8) 

(9) 

wherein, [kprl.pproxi. the value of kP r as calculated from the failure 
surface which satisfies statically correct orientation 
with the wall; and 

1/l 

10° 

30° 

50° 

the value of kP r as calcu lated from critical failure 
surface 

TABLE I 
Passive Earth Pressu re Coefficients (kpy) and Error for 8 / cf> = + 1.0 

f3 

- 45' - 30° - 15° oo 15° 30° 

3.627* 2.469 1.<) 16 1.637 1.520 1.535 

4.4241 2.765 2.035 1.684 1.536 1.539 

2 1.989: 12.000 6.2 10 2.868 1.053 0.22 1 

35.540 16.513 9.144 5.783 4.098 3.:.>37 

48.779 20.832 I 0. 7.25 6.384 4.3 16 3.302 

37.250 26. 157 i 7.292 10.390 5.324 2.014 

1528.551) 422453 1 -Hl . ~ .t7 54.200 24.022 12.272 

2152.826 563 .017 ! 77 565 64.993 2~ 29~ I 13.225 

40.840 33.2 73 264 2$ 19.91 "{ 7.768 t __ 1.: .6 1) i 

• canh pi~: .• ·:lll: co~llicil!ll ts i._, cxa~1 cr.;_.,, fiti lurc surfac.:. 
t emth i'' ·s,.m; codlicicnls by the approXIIHatl' cri11o.:al failure ~u.-racc. 

! err•~· : j;,,; 

45° 

1.712 

1.7 12 

0.000 

2.888 

2.1189 

0.008 

7.568 

7.568 

0.000 
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TA BLE 2 
Passive Earth Pressu re Coefficients (k ) and Error for 81 n. = + 0.8 

. PY 'I' 

¢ f3 

-45° -30° - I S0 oo IS0 30° 45° 

3.499* 2.398 1.87 1 1.607 1.499 I.S20 1.702 

100 3 .6 18t 2.433 1.881 1.609 1.499 I.S20 1.702 

3.3941 1.4S7 0.497 0 .104 0.000 0.000 0.012 

3 1.069 14.6S3 8.249 S.307 3.82S 3.07 1 2.774 

300 3 1.707 14.867 8.3 14 5.322 3 .827 3.071 2.774 

2.0S3 1.462 0.783 0.279 0.041 0 .000 0.000 

11 22.887 3 12.764 IOS .S99 41.711 19.081 10. 140 6.3S2 

soo 11 32.717 3 13.189 IOS .603 41.71 3 19.08 1 10. 141 6.3S2 

0.87S 0. 136 0.004 0 .003 0.002 0.00 1 0 .001 

TABLE 3 
Passive Earth Pressure Coefficients (kpy) and Error for 8 I C/J = + 0.6 

r/J 

10° 

30° 

soo 

f3 

- 4S0 -30° - I S0 oo I S0 30° 

3.36 1* 2.319 1.820 1.570 1.47 1 I .496 

3.39 1 t 2.326 r.g2( 1.570 1.471 1.496 

0.8861 0.296 0.059 0.001 0.000 0.000 

26.490 12.683 7.261 4.752 3.483 2.841 

26.493 12.683 7.261 4.7S2 3.483 2.841 

0.011 0.002 0.00 1 0.00 1 0.000 0.000 

763.552 212.481 72.60 1 29.388 13.946 7.77 1 

920.548 226.665 74.2 19 29.587 13.968 7.77 1 

20.561 6.675 2.228 0.677 0.164 0.000 

• earth pressure coefficients by exact critical failure surface. 
t earth pressure coefficients by the approximate critical fai lure surface. 
t error (%) 

4S0 

1.689 

1.690 

0.03 1 

2.6 17 

2.6 19 

0 .083 

5. 158 

5.160 

0.039 
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TABLE 4 
Passive Earth Pressure Coefficients (k

1
,y) a nd Error for 8 / 1/J = + 0.4 

r/J fJ 

-45° - 30° - 15° oo 15° J O• 45° 

3.214* 2.232 1.761 1.526 I .435 1.467 1.676 

JOO 3.2181 2.233 1.761 1.526 1.435 1.467 1.677 

0. 1251 0.021 ·o.ooo 0.000 0.000 0.031 0.047 

21.987 10.702 6.239 4.159 3. 103 2.581 2.449 

30° 22 .. 225 10.737 6.246 4.160 3.103 2.582 2.455 

1.083 0.32 1 0.116 0.040 0.000 0.032 0.229 

476.453 132.238 46.009 19.325 9.673 5.750 4.130 

so• 738.202 148.888 47.514 19.457 9.673 5.750 4.14 l 

54.937 12.59 1 3.272 0.682 0.000 0.00 1 0.257 

TABLE 5 
Passive Earth Pressure Coefficients (kpy) and Error for 811/J '7 + 0.2 

I o• 

30° 

so• 

f3 

- 45° - 30° - I so o· 1s• 30° 

3.056* 2.138 1.696 1.476 1.394 1.434 

3.0561 2. 138 1.696 1.476 1.394 1.435 

0.0041 0.0 11 0009 0.000 0.000 0.08 1 

17.73 1 8.80 1 5.239 3.566 2.7 17 2.3 15 

18.166 8.863 5.249 3.566 2.717 2.3 19 

2.458 0.703 0.192 0.000 0.000 0.173 

269.507 75.501 27.300 12. 180 6.554 4.225 

4 50.094 83.805 27.855 12.200 6.554 4.234 

67.006 10.998 2.03 1 0. 16 1 0.000 0.2 10 

• earth pressure coefficients by. exact critical failure surface. 
t earth pressure coeflicients by the approx imate critical fa ilure surface. 
t e rror (%) 

45° 

1.662 

1.663 

0.059 

2.284 

2.293 

0.387 

3.329 

3.346 

0.508 



; 

¢ 

100 

30° 

so• 

4J 

10 ° 

30° 

so• 

METHOD FOR CRITICAL FAILURE SURFACE 305 

TABLE 6 
Passive Earth Pressure Coefficients (kpy) and Error for 81 cp = + 0.0 

{3 

-45° -30° - 15° o• 15° 30° 45° 

2.888* 2.035 1.624 1.420 1.348 1398 1.64R 

2.8921 2.036 1.624 1.420 1.349 1.400 1.649 

0.1351 0.064 0.001 0.000 0.024 0.149 0.068 

13.866 7.052 4.303 3.000 2.344 2.058 2.125 

14.298 7.105 4.308 3.000 2346 2.067 2.137 

3.109 0.752 0.128 0.000 0.102 0.391 0.533 

137.373 40. 1~0 15.559 7.549 4.434 3.122 2.706 

195.527 42.368 I 5.653 7.549 4.442 3.137 2.726 

42.333 5.657 0.605 0.000 0. 175 0.482 0.738 

TABLE 7 
Passive Earth Pressure Coefficients (kpy) and Error for 81 cf> = - 0.2 

{3 

I 

-45° - 30° - 15° oo 15° 30° 

2.709* 1.923 1.544 1.358 1.298 1.359 

2 . 7 18' 1.924 1. 544 1.358 1.299 1.363 

0.33 1: 0.100 0.000 0.000 0.099 0.225 

10.498 5.505 3.460 2.482 1.996 1.816 

10.799 5.534 3.460 2.482 2002 1.829 

2.873 0.521 0.000 0.000 0.308 0.664 

63.838 20.355 8.741 4 .680 3.012 2.314 

75.003 20.705 8.741 4.686 3.026 2.333 

17.4<l0 1.720 0.000 0. 124 0.465 0.797 

• earth pressure coefficients by exact critical failure surface. 
t earth pressure coeflicients by the approximate crit ical fail ure surface. 
t error (%) 

45° 

1.634 

1.635 

0.073 

1.974 

1.987 

0.654 

2.205 

2.226 

0.970 
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TABLE 8 
Passive Earth Pressure Coefficients (kpy) a nd Error for 81 ~ = - 0.4 

¢ /3 

- 45° - 30° - !5° oo 15°· 3o· 45" 

2.5 15• 1.802 1.456 1.291 1.244 1.320 1.6 19 

100 2.5271 1.802 1.4 56 1.29 1 1.246 1.324 1.621 

0.486: 0.005 0 .000 0.002 0. 196 0.296 0.073 

7.67 1 4 .189 2.270 2.0 16 1.678 1.59 1 1.830 

3o• 7.827 4.189 2.720 2.020 1.688 1.606 1.843 

2.03S 0.002 0 .000 0.236 0.623 0.96 1 0.74 1 

27.892 10 .160 4 .904 2 .902 2.040 1.706 1.786 

so• 29.293 10 .160 4.904 2 .9 16 2.0S8 1.726 1.808 

5.02S 0.000 0.00 1 0.479 0.839 1.183 1.242 

TABLE 9 
Passive Earth Pressure Coefficients (kpy) a nd Error fo1· 81 ~ = -0.6 

4> 

10• 

30° 

so• 

/3 

- 4S0 - 3o· - 1s• o• Is· 3o· 

2.303• 1.666 1.3S9· 1.2 16 1.8S I 1.279 

2.3 1S1 1.666 1.3S9 1.2 18 1.189 1.283 

O.S28: 0.000 0 .000 0. 148 0.3 1S 0.342 

S.372 3.070 2 .08S 1.603 1.389 1.38 1 

5.426 3.070 2.086 1.613 1.403 1.398 

0.996 0.000 0.039 0.594 1.020 1.220 

11.864 5.002 2.720 1.774 1.356 1.23 1 

11.867 5.002 2.735 1.79 1 1.374 1.252 

0.023 0.000 0.542 0.95S 1.348 1.693 

• earth pressure coefficients by exact critical failure surface. 
t earth pressure coefficients by the approximate critical failu re surface. 
t error (%) 

45° 

1.605 

1.606 

0.06S 

1.689 

1.702 

0.766 

1.420 

1.442 

1.573 
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TABLE 10 
P;mive Earth Pressure Coefficients (kpy) and Error for o 1 cp = - 0.8 

1/1 {J 

- 4S 0 -30° - ts • o• t s• 3o· 4S0 

2.064* 1.507 1.249 1.133 1.1 23 1.236 I.S91 

JO• 2.064t 1.507 1.249 1.136 1.128 1.240 I.S91 

0.00 1: 0.000 0.02 1 0.304 0.398 0.311 0.046 

3.528 2. 147 I.S32 1.238 1.126 1.184 1.5S2 

30° 3.S28 2.147 1.542 I .2S2 1.141 1.199 l.S62 

0.000 0.000 0.6S7 1.08S 1.343 1.262 0.649 

4.762 2.367 1.447 1.03S 0.8S8 0.849 1.089 

so· 4.762 2.384 1.465 I .OS2 0.876 0.868 1.109 

0.000 0.740 1.2SO 1.639 2.0 14 2.236 1.8 13 

TABLE 11 
Passive Earth Pressure Coefficients (kpy) and Error for o I cp = - 1.0 

1/1 

JOO 

30° 

so• 

{3 

-45° - Jo• - 1s• oo 15° Jo• 

1.635* 1.279 1.104 1.03S 1.056 1.1 93 

1.63St 1.279 1. 104 1.03S I.OS6 1. 193 

o.ooo: 0.000 0.000 0.000 0 000 0.000 

1.829 1.301 1.032 0.905 0.884 0.999 

1. 829 1.301 1.032 0.905 0.884 0.999 

0.002 0.000 0.000 0.000 0.000 0 000 

1.499 0.930 0.659 0 529 048S O.S3S 

1499 0.930 06S9 O.S29 0.48S O.S35 

0.001 0.000 0.000 0.000 0.000 0.002 

* earth pressure coefficients by exact critical failure surface. 
t earth pressure coefficients by the approxi mate critical fai lure surface. 
t error (%) 

4 5° 

1.576 

1.576 

0.000 

1.4 1S 

1.41 5 

0.000 

0.782 

0.782 

0.000 
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It can be seen that the magnitude of error for negative o in almost all 
the. cases is quite less, and the failure surface as obtained by satisfying the 
stat1cally correct orientation of the failure surface with the wall becomes ~ 

itself the critical. Even for the positive o with the value of f3 g;eater than 
zero, the magnitude of error still does not exceed about 20%. However, for 
negative values of f3, the error becomes as high as 67%. In all the cases in 
general, the magnitude of error increases with decreasing values of f3 (more 
negative) and with increasing magnitudes of o (more positive) both for 

positive and negative o . 
From Fig. 2 also, one can get an idea of the accuracy of the results. 

If the point with co-ordinates f3 and o I <f! is close to the corresponding </! 

curve the error will be quite small. 

In all the cases, the computational time in searching the critical failure 
surface can be drastically reduced, if a start is being made with a failure 
surface which satisfies the statically correct orientation with the wall. 

Variation of Earth Pressure Coefficients 

Computed values of passive earth pressure coefficients kP r as defined 
-earlier, have been plotted as a function of o I If> on a semi-log graph, with 
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FIGURE 3 : Passive Earth Pressure Coefficients k .. f3 45° I'Y .or = -
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FIGURE 4 : Passive Earth Pressure Coefficients kPr for f3 ::: - 30° 
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FIGlJRE 5 : Passive Earth Pressu.fe Coefficients k
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,r for f3 ::: - 15° 
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FIGURE 6 : Passive Earth Pressure Coefficients kpr for {3 = 0° 

25 

fJ :+15° 

10 40" 

Kp'{ 30" 

4.0 

20° 

10" 

FIGURE 7 : Passive Earth Pressure Coefficients kvr for {3 = + 15° 
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FIGURE 8 : Passive Earth Pressure Coefficients kpy for f3 = + 30° 

FIGURE 9 : Passive Earth Pressure Coefficients kPr for f3 = + 45° 
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8 I ¢ on the linear ax is and kpg on the log-scale. The variation has been 
shown in Figs. 3 to 9. The values of k increase continuously with increase 
in ¢ I 8 from - 1.0 to + 1.0 for al l va l~;s of rp and f3. For higher values of 
¢ and for more negative values of f3 , the values of k" rare generally higher. 

Conclusions 

A method has been developed for establishing the nature of the failure 
surface for given retaining wall and soil conditions. A direct method for 
locating an approximate critical position of the failure surface ~as been 
suggested in the determination of passive earth pressure coefficients. In many 
of the cases, particularly for -ve 8, such established fai lure surface itself 
practically becomes the critical. In all the cases, however, the search for the 
critical failure surface can be done with the minimal computational effort, if 
a start is made with the proposed approximate critical fai lure surface. Further, 
a comprehensive set of passive earth pressure coefficients in sand has been · 
developed by using the composite log-spiral failure surface for both positive 
and negative wall friction on an inclined retaining waiJ. 
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