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Material Constants of a Constitutive Model 
Determination and Use 

Introduction 

by 

A. Varadarajan*. 

and 

C.S. Desai** 

In recent times, a number of constitutive models are proposed to 
characterize the stress-strain response of soils. These models usually 

involve a number of material constants and use of a number of advanced 
laboratory tests under various stress paths, often using multiaxial devices'. 
However, a majority of geotechnical engineering laboratories are equipped 
with standard triaxial testing devices that allow testing of cylindrical 
specimens under a limited number of stress paths. In order to utilize such 
'standard' testing facility for finding material const,ants for practicai appli­
cation, an attempt is made in this. paper to evolve a methodology to identify 
the minimum number of standard . tests for evaluation of the constants 
through a systematic process of- analysis and verification. fo . adition, 
this study considers a number of special factors that.,influence the behaviottr 
of sands. · 

The constitutive model using the recently proposed (Desai et al., J986) 
heirarchial approach is considered herein. The main attractive feature of 
this approach is that it allows the . analyst to vary the complexity of the 
model and the related .number ~f material constants, consistent . with the 
practical requirement of a given problem. · The potential application of 
such tailored models to various practical p.roble.ms ill'. sand medium is also 
discussed. 

Review 

Many constitutive models have been proposed in the recent past to 
characterize the behaviour of soils. These include models based on non­
linear elasticity, plasticity and end.ochronic theory. Since the main empha-
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sis here is on a plasticity based model, a brief review of relevant publications 
is provided below. 

Classical plasticity models such as Tresca and von Mises were modified 
ro account for frictional characteristics of soils; this resulted in the well­
known Mohr-Coulomb and Drucker-Prager models. They can yield 
satisfactory predictions for some materials, under certain loading conditions 
and states; however, they are not able to capture fully certain special 

· characteristics of soils such as volume changes under shear. stress path 
dependence and nonassociative characteristics. 

The development of the critical state soil mechanics concept (Schofield 
and Worth, I 968) provided a rational basis for modelling of volume change 
behaviour and continuous yielding of soils. A similar formulation, known 
an cap models (DiMaggio and Sandler, 1971) has been often used to 
characterize behaviour of a number of geological materials. These models, 
however, do not fully represent factors such as wide range of stress paths, 
volume changes under shear, and stress-induced anisotropy. To allow for 
these aspects, several plasticity models have been proposed by combining 
isotropic and kinematic plastic hardening rules. They include two and 
multi-surface models (Lacey and Prevost, 1987) and bounding surface 
models (Dafalias and Herman, 1982). Desai and co-workers (Desai, 
1980; Desai and Faruque, 1984; Desai and Salami, 1987; Desai et al., 
1986; Desai and Varadarajan, 1987; DiMaggio and Sandler, 1971; Frantzis­
konis et al., 1986; Hashmi, 1986 and Salami, 1986) have used generalized 
elastoplastic hardening theory to develop a class of constitutive models 
based on hierarchical approach to define the behaviour of various geologic 
materials. 

Scope 

The objective of this i,aper is to develop a methodology to define the 
minimum number of tests required for finding constants for a general consti­
tutive model (Desai et al., 1986 and Desai and Varadarajan, 1987); in this 
paper attention is restricted to two versions of the model : (I) 80-isotropic 
hardening with associative flow rule and (2) &,-isotropic hardening with 
nonass~iative flow rule. This model allows for defining the basic features 
of the behaviour of sands such as continuous yield, stress path dependency, , 
volume change and nonassociative response. 

In this paper, two new and additional factors related to the sand 
behaviour are considered. They are : (I) dependence of yielding on mean 
stress including high stress levels and (2) dependence of nonassociate res­
pose on stress path. Particular attention is devoted to the determination 
of material constants, the constants required to characterise various observed 
responses of sands, and the minimum number of tests required to evaluate 
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them. Potential application of the model to practical problems is also 
discussed. 

Results of drained. standard triaxial test on a dense sand, called Badarpur 
Sand, available at a stone crusher plant in the vicinity of Badarpur town 
near Delhi, India, are used to evaluate various conditions related to the 
proposed model. 

Proposed Model and Determination of Material Constants 

The basic concept, theoretical development and application of tllc 
proposed model are given previously (Desai et al., 1986). The distinguish­
ing feature of this model is that a unified or hierarchical approach is adopted 
in the development to systematically include responses of progressive 
complexities such as isotropic hardening with associative flow rule, isotropic 
hardening with nonassociative flow rule, anisotropic hardening and strain 
softening. This approach enables simplification in the determination of 
material constants from the laboratory tests and the number of constants 
as well. 

The model possesses a number of advantages over the two and multi­
surface models such as critical state (Schofield and Wroth, 1968), cap 
(DiMaggio and Sandler, 1971) and that proposed by Lade (1977). For 
instance, the continuous yield surface in this mod.el avoids the discontinuity 
at the intersection of the cap and failure or critical state surface, and. 
thereby eliminates the resultant computational problems. 

A number of important basic features of the model are used herein to 
define the behaviour of the dense sand. The model is further extended 
to incorporate some special aspects of the responses to the sand. The~e 
are briefly discussed in the following : 

The continuous yielding and ultimate yield behaviour is given by a 
compact and specialized form of the general polynomial representation 
(Desai, 1980 and Desai et al. , 1986) as 

(I) 

where J1o is second invariant of the deviatoric stress tensor, Su, of the 

total stress sensor, au, S, is stress ratio equal to JA'J / J/b2 
, lao is third 

invariant of S11, and a, n, y, f3 and m are the response functions. F• is 
ctimponent function and F, is shape function. The value of the normali­
zing constant, a

0
, is equal to 1.0 kPa. Different S, values designate 

different stress paths such as S, = I, compression path (o1, > a2 = aa) and 
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S, = -1, extension path (a1 = a1 > a3), where oi, a2 and a3 are major 
intermediate and minor principal stresses. 

Plots of F for the Badarpur Sand in the J1 - -/ J.D space are shown in 
Fig. l(a) for a typical stress path, and in Fig. l(b) the same on the octa­
hedral plane. The function F is continuous in the stress space with the 
final curve representing the ultimate behaviour. The component function 
Fb, (Eq. 1) defines Fin J1 - 4' J2D space, Fig. 1 (a), and the component 
F, denotes F in the octahedral plane, Fig. l(b). 

Straight Ultimate Envelope 

The function Fat ultimate state (where a = 0) is given by 

or 

(2) 

Equation (2) represents the locus of the stress states asymptotic to the 
observed stress-strain curves from different stress paths. The normally 
adopted failure (F) and critical states (CS) arc usually below this state 
or may coincide with it (Fig; 2). With m, y and fl as constants, Eq. (2) 
gives a straight line envelope of the ultimate state. This envelope can be 
applicable to the working stress range of many practical problems such as 
footing foundation, earth backfill in retaining structures and small embank­
ments. 

Ultimate values of constants m, y and /3 are found by curve fitting the 
ultimate envelopes (Fig. 1). The value of m for many geologic materials 
is found to be -0. 50. To find the constants y and. f3 in Eq. 2, at least 
two tests with different stress paths (i.e, with two Sr values) are essential. 
It is important to note that stress paths generated by various combinations 
of a1 and a3 but with the same S, value (a1 >a2 = a3 for example) may 
not fulfil the above condition. 

In many standard soil testing laboratories, tests under only one stress 
path, which is usually the conventional triaxial compression (CTC) path, 
(a1 > ag = a3), are conducted using the stand.rad strain controlled triaxial 
equipment. In such cases, if it is possible to assume that the angle of 
shearing resistance under compression and extension in the Mohr-Coulomb 
space is the same, that is, </>c = cf,8 , then a point corresponding to the 
second stress path test ( extension here) can be estimated using the relation 

(3) 
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Curved Ultimate Envelope 

lu certain practical problems such as high earth dams and heavily 
loaded foundations, the mean stress values are high and in such cases, the 
ultimate envelope as well as the yielding will be stress dependent. To allow 
for this aspect, stress dependent yield behaviour, as proposed by Desai 
and Varadarajan (1987) for rock salt, is adopted here. For this case, 

(4) 

where fl and {11 are constants. The value of normalizing constant /10 

is equal to 1 . 0 kPa. With this variation, the shape of yield surface in the 
octahedral plane i s triangular with smooth corners at low stress, and at 
higher stress the corners become increasingly rounded and the sides assu­
me convex shapes (Fig. lb). At very large values of Ji, the differences 
in the values of 4 J2D for different stress paths (compression, extension 
and simple shear) tend to reduce, leading to a nearly circular surface in 
the octahedral plane. Ultimate values of constants y, f3 and {31 are found 
by curve fitting. The procedure for determination of these constants is 
described in detail in Desai and Varadarajan (1987), while a brief discussion 
is presented here. 

The values of f3 and /31 are determined first by using the values of 
f J2D for compression (C) and extension (E) at the same / 1 values. This 
leads to 

(5) 

where r* = (r'- 1)/(,4 + I), r = ( 4 J2D)c/ ( 4 J2D)E, Taking logarithm of 
both sides, In (-{f)-/1 /31 = ln r*. From a straight line plot of In r* vs. 
-J1 from experimental results, the values of /3 and /31 are determined. 

For determination of these constants, a minimum of two points with 
two / 1 values and corresponding r* values are required. For this purpose, 
at least four test results with two stress paths (compression and extension 
in this case) at two / 1 values are required. 

At the ultimate condition, Eqs. I and 4 give 

(6) 

or F1 = J; where F1 = J20 F, . The value of y is determined by fitting a 

streight line for various experimental values of F1 and / 1 . To find y, the 
same number of tests indicated above are sufficient. 
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Phase Change or Transition Point 

Parameter n represents the phase change point indicating transition 
from compressive to dilation volume change (Fig. 2). The value of n is 
determined from the state of stress at which contractive volume change 
transits to dilation in the axial strain vs volumetric strain plot. Thus, 

f 'i!F O ( I . oFs h' . II . use o 
011 

= , neg ectmg 
011 

, w 1ch 1s very sma 111 case curved 

envelope is used) leads to 

2 
1- -= 

II 
(7) 

at the phase change point, and allows computation or n. For finding the 
value of n, at least one test is required. 

Hardening Function 

The hardening behaviour is included in the mod.el by using a growth 
function, a. Among the different forms of a that can be developed depen­
ding upon the observed behaviour, a simple form is used here as 

where a1 and ,71 are hardening constants and g = J (dft dffj )11:1 

tory of total plastic strain. 

(8) 

trajec-

Figure 3, shows plot of transformed form of Eq. 8, in terms of- In (0 
vs. In ( a) from results of tests along various stress paths for the Badarpur 
Sand. The values of a1 and 711 are obtained by fitting an averagestraight line. 
Approximate values of these constants can be determined even from results 
of single test. 

Associatfre Flow Rule 

The proposed mod.el, (Eq. 1), is based on the assumption of initially 
isotropic material and isotropic hardening with associative response in which 
yield function F acts as the plastic potential function. In this form, the 
model predicts high volume expansion in relation to the experimental values, 
particularly at high shear stress level (for example, Fig. 4). The mod.el, 
therefore, can be employed for field problems where low shear stress mobi­
lisation is anticipated; for example, footing foundation with the usually 
adopted factor of safety of two or more against failure. 

Nonassociative Flow Rule 

To allow for realistic prediction of volume changes at higher shear 
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stresses developed in such field problems as embankments, earth backfills 
and underground openings in cohesionless soils it is necessary to develop a 
plastic potential function Q, and apply nonassociative plasticity. This 
can be achieved by correcting or controlling the yield function F to F as 
proposed previously, (Desai and Faruque, 1984; Frantziskonis, et al., 
1986). In this case, the plastic potential function Q = Fis formulated by 
correcting the growth function a ·in Eq. (1) as aQ and is expressed as 

(9) 

where rv = ,.!, and §. is the volumetric part of §, K is the material 
parameter and a1 is the value of a at the initiation of nonassociative beha­
viour, usually assumed to occur at the end of hydrostatic compression. 

In Eq. (9), the value of K is assumed to apply to all stress paths. Bur. 
a more general case is the one in which the nonassociative behaviour is 
influenced by the stress path. To account for this aspect, Eq. 9, is modified 
in this paper as 

where K1 and K2 are material constants. These constants are found from 
the observed volume trice behaviour near the ultimate state. At the ulti­
mate states a = 0 and from Eq .. 1, 

(11) 
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From the flow rule of plastic loading. 

(12) 

where f f, is the volumetric plastic strain f r = Ef; (summation of indices 

impJied). Also, 

d ,r_/J - ' ca 
"'11 - I\ --

' 01711 
(13) 

From Eqs. (12) and (13), 

{14) 

The ratio of de / dff~ can be obtained as the slope of the observed E'1 
vs E, response by choosing a point in the ultimate state. Next, the value 

of aa, which is represented by the right hand side of Eq. can be found 
since the left hand side is now known. The constants K1 and Kz can then 
be determined using Eq. 11. To find these constants, at least two tests 
with two different stress paths are required. For finding stress path 
indepede!}t K value in Eq. 9, one test is sufficient. 

Elastic Behaviour 

The Young's modulus, E, and the Poisson's ratio, µ , are commonly 
evaluated using unloading-reloading response. In some cases, the (average) 
slope of the initial portions of the stress-strain curves and, the axial strain vs 
volumetric strain curves of CTC tests are used to find approximate values 
of E andµ. 

Material Constants and Minimum Tesir 

Table l , presents the summary of various characteristics of the consti­
tutive model, the number of material constants (excluding the elastic cons­
tants) and the minimum number of tests. To allow for the most general 
case; i.e. ,curved envelope with stress path dependent nonassociative response, 
eight constants are required for the plastic hardening. The minimum 
number of tests required for this case is four. 

To represent the simplest case; i.e., straight envelope with associative 
behaviour, only five constants are necessary to describe plastic hardening. 
These can be determined even with one CTC test. thus, the characteristics 
of the model can be varied by changing the number of constants to suit the 
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requirement of the field problem to be analysed. Also, the standard ex­
perimenta~ ~et-up co~only available in a typical soil engineering laboratory 
can be utilized to estimate the con:stants. However, it must be pointed out 
that to find improved values of the constants, greater number of tests 
under different stress paths may be used. 

It is important to note that the constants in the proposed model have 
physical meanings and they are related to specific and stratei?ic states durin2 

the deformation process. ~ ~ 

Laboratory Tests 

To examine various characteristic,s of the proposed model and the effect 
of reducing the number of tests for finding the material constants, the 
experimental results of a dense sand were used. 

Soil 

The Badarpur Sand, wh~sh consists of brick red angular quartz particles 
was used. It has particle sizes ranging from O. 06 mm to 2 . 00mm and is 
uniformly graded (uniformity coefficient = ·r . 72). The specific gravity of 
solids is 2. 66. 

Tests 

A number of drained. triaxial tests were conducted using standard triaxial 
device six different stress paths : one hydrostatic compress1on (HC); three 
conventional triaxial compression (CTC) tests with initial confining pre­
ssures, a 0 = 137.3, 205.80 and 274.6 kPa; three tiiaxial compression (TC) 
tests with the above confining pressures; one reduced extension test (RTE) 
with a0 = 137. 3 kPa; one triaxial extension test with a.= 137. 3 kPa (TE); 
and one test called triaxial extension modified (TEM), in which (a1+ a8)/2 
remained constant with a0 = 137. 3 kPa. 

Saturated specimens of size 3. 81 cm dia and 7. 62 cm long and relative 
dentity D, = 89 % were used for the te·sting. A uniform procedure of 
tampingwas adopted to achieve the same initial density. F~ictionless 
end platens were used to reduce the end friction; The cell pressure was 
applied by a self-compensatiilg 1nertuty : pot systein. Stress-controlled 
loading was applied through :piston using · a loading frame consisting of 
hanger and lever system. A proving ring was used· to· measure the axial 
load. Volume changes of specimens were measured using a small burette 
having an accuracy of 0.01 cc. Membrane penetration effect was studied 
using the procedure described by Roscoe et al. (1963) . . The volume change 
due to membrane penetration was found tQ be negligible within the range 
of tlte pressures used, and hence; it was not included. For (extension) 
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tests requiring lateral stress greater than the vertical stress. a triaxial cell 
with a specific loading ram of 3. 81 cm diameter was used. 

Triaxial tests were conducted by applying small increments of loading 
to follow the desired stress paths. Area corrections for specimens, load 
increment to be applied on the piston and the change in cell pressure were 
all calculated for every load step using a programmable calculator. The 
complete details of the equipment and testing procedme are given by Mishra 
(1981). 

Material Constants 

Table 2, shows the constants found for the Badarpur Sand. The ulti­
mate constants were determined using all the test results, but the hardening 
parameters were determined using the results of five stress path tests at 
a

0 
= 137 . 3 kPa. The characteristics of the proposed. model were first 

studied. They consisted of investigating the effects of the nature of ultimate 
envelope and the use of various nonassociative constants. The envelope 
was treated as a curve (CASE A) and as a straight line (CASE B). The 
nonassociative constant was taken as an average value, K and as stress-path 
dependent constants 1<1 and 1<2 (Eq. 10). 

Secondly, the effect of number of tests on the wnstants was investigated 
by using : (i) two tests, one CTC (a0 = 137. 3 kPa) and one TE Test (a0 = 
137 . 3 kPa) (Case C) and (ii) one CTC test only (a0 = I 37. 3 kPa) (Case D). 
For both the cases, straight envelope was adopted. The parameters for 
these two cases are also shown in Table 2. It can be seen that mos, of the 
constants for Cases C and D (refer to values in 'fable 2) are not much diffe­
rent from those in Case B which uses a greater number of tests ; only in the 
case of ", there is about 30 percent difference between Cases D and B. 
The differences in material constants noted herein, however, the same 
for all sands. 

It must be mentioned that this model requires equal or smaller number 
of tests than those required for finding constants for the available nonlinear 
elastic (hyperbola, spline, etc.) and other plasticity models of comparable 
quality. 

Comparisons 

The various characteristics of the proposed model arc compared herein 
with the experimental results. For this purpose, the 110rmality rule 

(15) 

where ,\ = scalar proportionality parameter, and the consistency condition 
dF = 0 are used to derive the incremental stress-strain relations as 
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TABLE 2 

Material Constants for Badarpur Sand 

Curved . 
Envelope 
Case A 

Straight 
Envelope 

Case B 

Straight Envelope 

Tests Used 

E,µ , 

Elasticity 

Nine Tests for Ultimate 

and Five Tests for Others 
Plasticity Parameters 

Case C 

Two Tests 

One CTC and 
One TE Test 

150,000 kPa, 0.30 

Case .D 

One CTC 

Test 

(,f,c= ,foE) 

________________ c_ _______________ _ 

y 

fJ 
Ultimate /11 

/Jo 

Phase Change n 

a l 

Hardening 7/1 

Nonassociative 

0.07020 
- 0.6900 

0.00003 

0.0kPa 

3.00 

0.003166 
0.49317 

0.402 

0. 100 

*Insufficient test to find two constants 

m = - 0.50 

0 .07022 
- - 0. 70169 

3.00 

0.003850 
0 .45000 

0.400 

0.101 

0.400 

0.06981 

-0.66408 

2 .8 

0.003664 
0.50480 

a0= 1.0 kPa 

0.420 

0.110 

0.06190 

- 0.73586 

2.9 

0.0031310 
0 .50400 

• 
0.271 

(16) 

where {da} ana {de:} are vectors of incremental stres& amt strain component 
and [Ce"] is the constitutive matrix expressed in terms of the material 
constants. In the case of the associative plasticity, the function Q = F is 
used. 

Ultimate Envelope Comparison 

Figures l(a) aand l(b) show the comparisons of the ultimate stresses in 
the 11- 4° J1D space and octahedral planes with the curved envelope and 
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straight envelope. The curved envelope shows improved agreement with 
the experimental results, particularly at high stress levels, as compared to 
the one with straight envelope with two parameters. At elevated stress 
levels such as the stress in an earth dam of heighht 80m with Ji of the order of 
3600 kPa, the curvature is likely to be very significant, and it may become 
necessary to adopt the curved envelope. 

Hardening Behaviour Comparison 

The hardening behaviour of the model is compared with the experimental 
results in two sets : SET I, by varying the number of constants and SET JI 
by varying the number of tests to find the constants. In SET I, the compa­
rison is performed as follows : 

Case /-Straight envelope with associative flow rule and nonassociative 
flow rule [5 and 6 or 7 constants, Table I, Table 2 (Case B)]. 

Case II-Straight envelope with one and two nonassociative constants 
[6 and 7 parameters, Table I, Table 2]. 

Case /II-Straight and curved envelopes with two nonassociative cons­
tants [7 and 8 parameters, Table I, Table 2, (Case A and Case B)]. 

In Set II the comparisons are made with two cases : 

Case IV-Constants found. from five tests and two tests (Table 2, Case B 
and Case C). 

Case V-Constants found from five tests and one test (Table 2, Case B 
and Case D). 

In this set, the straight line envelope was used. In Case V one nonasso­
ciative parameter was adopted.. 

Set I 

Case I 

Figures 4-6 present the comparison of observed and predicted behaviour 
of the sand with associative and nonassociative models for CTC, TC and 
TEM stress paths (With u0 = 137. 3 kPa). Both the models give satis­
factory predictions with respect to volume change at low shear stress levels 
( < 70 % of total shear stress). But, at higher shear stress levels, only non­
associative model predicts satisfactory volume change behaviour. 

Case II 

In Figs. 4 and 6 are presented. the effect of using two stress path depen­
dent nonassociative parameters. It may be noted that the use of the two 
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Case III 

- The comparison of predict:Jns with straight ar d curved envelopes is 
shown in Fig. 7 for CTC path ( a0 = 274. 6 kPa). The stress-strain as well 
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as volume change are closer to the experimental remits for curved. envelope 
with nonassociative flow rule. 
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kPa , Badarpur Sand 

It must be pointed out that this experimental result was not used for 
finding the constants. 
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Set II 

Case IV and Case V 

Figure 5 presents the predictions for TC path by using the constants 
from reduced number of tests. It must be noted that for finding the cons­
tants for Cases C and D (Table 2), this test was not used. It can be seen 
that the predictions with constants from only two tests (Case C) show 
statisfactory correlation with the observed behaviour. The prediction 
with constants from only one set with 4'c = ef,5 (Case D) is not that satis~ 
factory, but shows reasonable correlation with the observed behaviour. 

Conclusions and Potential Use 

It is shown, from an analysis involving back predictions of observed 
stress-strain behaviour of a sand, that material for a general mod.el capable 
of accounting for a number of important behavioural aspects can be 
estimated from a set of standard triaxial test. The number of plasticity 
constants for the simple (straight ultimate envelope) version, namely five 
(with m = -0. 5 and two elastic constants), is equal to or ~maller than 
those involved in other elasticity and plasticity models often used in 
geotechnical engineering. At the same time, the model is capable of allo­
wing for factors such as volume change, nonassociative response and stress 
path dependency. Other important advantages of the model are : (1) the 
constants have physical meanings that are related to specific physical 
states during deformation, (2) the procedure for finding constants is rela­
tively straightforward, (3) hardening is dependent on total (volumetric 
plus deviatoric) plastic strain trajectory instead of only volumetric as in 
critical state and cap models, (4) acl.ditional complexities such as curved 
envelope and dependence of nonassociative behaviour on stress path can 
be conveniently introduced with additional constants, and it can be easily 
implemented in nonlinear solution (finite element) procedures; here, 
because of the continuous nature of yield surfaces, the computational 
difficulties with multi-surface model are avoided, Hashmi (1986). 

The model possesses potential applications for a number of geotechnical 
problems. The simple model with straight ultimate envelope and k = cons­
tant can be used for shallow foundations, slopes and retaining walls founded. 
in sands. The curved envelope model can be used for structures such as 
dams and piles involving higher mean stress. I 

At the present time, a large number of coi:stitutive models are developed 
and proposed, often with a large number of constants without specfic 
physical meanings. From the viewpoint of the user, it is difficult to make 
a judgement as to how to decide on adopting such mcdels. This paper 
presents a systematic procedure towards development of a methodology 
for a given model to arrive at minimum number of constants and standard 
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tests required for their estimation. Thus, the results can constitute a step 
towards utilization of constitutive models for practical u se. 
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