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Introduction 

Horse-shoe shaped section of underground openings is used in 
hydroe-lectric projects, highway and railway networks and in several 

other cases. In case of deep tunnels where the rock behaviour is in 
plastic range and sequence of excavation has significant effect over the 
final stresses and displacements developed around an underground 
excavation. the shape of the opening is also one of the important factors 
to be considered. Depending upon the shape, sequence of excavation and 
insitu stress ratio, tensile stresses may also develope in the surrounding 
rock and this may prove to be of critical importance for the stability of 
the underground opening. 

Elasto-plastic finite element analysis of circular tunnels excavated in 
single and two stages for three insitu-stress ratios (Ko = 0.5, 1.0 and 1.5) 
bas been presented recently by Srivastava et al. (1986). In the present 
study, to bring out the effect of different shapes of opening, a horseshoe 
tunnel section bas been chosen. The maximum height and width of the 
section is 8 m. The cross sectional area of this section is approximately 
4 per cent more than that of a circular tunnel of 8 m diameter. The three 
insitu stress ratios for which studies have been carried out are Ko = 0.5, 
1.0 and 1.5. The horse-shoe tunnel has been simulated to be excavated in 
single stage and in two stages. Hoek-Brown yield criterion (Hoek and 
Brown, 1980) has been used for the elasto-plastic analysis. The deformed 
shape, displacement paths and principal stresses have been presented for 
elastic and elasto-plastic analyses. 
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Elasto-Viscoplasticity 

The state of stress at a point is represented by the stress vector {a}, 

({a}T = [a.- ay a, Txy Tyz r ,x]) and total strain by the vector {E}, ({EF = 
(€x Icy Ez '/zy yyz yzx l). 

The total strain at a point is the sum of elastic and viscoplastic 
strains, i.e. 

. .. (1) 

where {e} and {E VP} are the elastic and viscoplastic strain vectors, 
respectively. 

The stresses are related to the total and viscop!astic strains through 

the relation 

{a} = [D] ( {E} - {E'P}) . .. (2) 

where [D] is the elasticity matrix. The eleme!1ts of [D] are function of 
Young's modulus and Poisson's ratio. 

The yield function, in general, can be written in the form (Zienkiewicz 
and Cormeau, 1974) 

F = F ({er}, {E"P}) = 0 ... (3) 

Equation (3) represents in general the conditions of plasticity, hardening/ 
softening at a point. The viscoplastic strain rates are given by the 
flow rule 

{E"P} = µ, < F > _jf_ ... (4) 
o{a} 

in which {E•P} is the viscoplastic strain rate vector, µ, is is the fluidity 
parameter (taken as 1 for elasto-plastic analysis), < > is used to indicate 
that if F < 0, < F > = 0 and if F > 0, < F > = F. 

Yield or Failure Criterion 

The empirical failure criterion as proposed by Hoek and Brown (1980) 
is given by 

... (5) 

where <11 arid cr3 are major and minor principal stresses, respectively, a, is 
the uniaxial compressive strength of the intact rock material and m and s 
are dimensionless empirical constants. 

Equation 5 can be written in the form 

. .. (6) 
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which is applicable to perefectly plastic material. For F <;; 0, original 
rock mass is linea:r elastic and when F > 0, the rock mass starts 
yielding. 

Computer Program 

A computer program has been developed on ICL 2960 for elasto
viscoplastic finite element analysis for plane strain condition. Elasto
viscoplasticity has been used as an artifice to obtain elasto-plastic solution. 
The formulation adopted is as proposed by Zienkiewicz and Cormeau 
(1974). Eight-noded isoparametric elements and 2 x 2 Gauss point 
integration rule have been used. 

The procedure adopted to simulate excavation is that proposed by 
Chandrasekaran and King (1974). The elements which cover the area to 
be excavated are made AIR elements, i.e. their contribution to the global 
stiffness matrix is reduced to almost zero. This is done by reducing the 
Young's modulus of the elements to be excavated to about 10-6th of the 
original value. For the present study, the tunnel is simulated to be 
excavated in single stage (i.e. fuJI face) and in two stages (above the 
springing level in the first stage and the remaining portion of the tunnel 
below the springing level in the second stage). 

Cases Analysed 

The horse-shoe tunnel section is shown in Fig. I. The maximum 
height and width of the section is 8 m and is located at a depth of 250 m 

Crown 

8 m ---------' Springing level 

Invert 

FIGURE 1 Horse-Shoe Tunnel Section 
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from the ground surface. Three insitu stress ratios (K0 = 0.5, 1.0 and 
1.5) have been considered. For each insitu stress ratio, the tunnel is 
simulated to be excavated in single stage and then in two stages. The rock 
properties used in the analyses are from a river valley project in India and 
are as follows: 

Rock type - Good quality Basalt 

Young's modulus 3.5 X 108 t jm2 

Poisson's ratio 0.21 

Unconfined compressive - 12236.4 t/m2 

strength 

Tensile strength - 24.47 t/m2 

Insitu stress av 675.0 t/m2 

m = 1.7, s = 0.004. 

In Fig. 2, the various cases analysed are shown and explained 
schematically. 

HKo : 1-0) 

1ST 

~ 
EL EP EL 

CASES ANALYSED 

2(Ko.= 0-5) 

EP EL EP EL EP EL 

ST- Single stage excavation 
2 ST - Two stage excavation 
EL - Elastic anal y5is 
E P - Elasto -plastic analysis 

EP EL 

FIGURE 2 Schematic Diagram Indicating Cases Analysed 

Analysis 

EP 

For this shape of tunnel, several finite element discretizations have been 
tried and the mesh chosen is as shown in Fig. 3, keeping in view the 
accuracy and economy of the analysis as the criteria. Because of the 
symmetry of the excavation, only half horse-shoe tunnel has been analysed 
For this discretization, a total number of 92 elements and 307 nodes have 
been used. 
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No. of elements = 92 

No. of nodes • 307 

FIGURE 3 Finite Element Discretization Mesh (Half Horse-Shoe Tunnel) 

Results and Discussion 

Case 1 (K0 = 1.0) 

The elastic and elasto-plastic deformed shapes of the tunnel are shown 
in Fig. 4. For case 1ST, the deformed shape for the elastic and elasto
plastic analyses are almost same as the tunnel shape. For case 2ST, for 
elastic analysis, the deformed shape after the final stage of excavation is 
same as for case 1ST, as expected, but for elasto-plastic analysis the final 
deformed shape is non- uniform. 

A comparison of the displacements obtained from elasto-plastic 
analysis for case 1ST shows that near the springing, the displacements 
are slightly higher in case 1ST but at other locations, the displacements 
are higher in case 2ST. 
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o Elastic analysi s 

• EP - Analysis 

0v=675 tlm 2 

K0 = 1 .O 

Single stage excavation 

I 
I 
~ I ·::,..o, .. , 

I 
o After f irst 

• After final stcige ( EP) 

2 3mm 

Deformation ·scale 
1\, o s toge excavation 

FIGURE 4 Deformed Shape of Tunnel Ko= 1.0 

The d isplacement paths (for elasto-plastic analysis) for four typical 
locations on the tunnel boundary have been shown in Fig. 5 for the two 
cases. The displacement paths show the movement of points at the tunnel 
boundary from initial to final d isplaced posi tion in case I ST and from 
initial to firs t stage displacement to fin a l stage displacement in case 2ST. 
From the figu re it is seen that a t location I , the movement of point is, in 
general, downwards and to the left but there is a marked difference in the 
final magnitude and direction of the movement in the two cases. At 
location 2, displacement path is very much different in the two cases. In 
case 1ST, it is to the left but in case 2ST, fi rst the pointn1oves upwards and 
to the right and then sharply to the lefr. However, the final magnitude of 
the displacement is almost same for both the cases. At location 3, below 
the springing level , there is appreciable difference between the direction 
rnd magnitude of the displacement of the point. T:i general. the move
.neut is upwards and to the left. At location 4 in the invert portion of 
the tunnel, the magnitude and d irection of movement a re almost same. 
f he movement is in upward di rection (abo ut 30° from vertical) and to 
the left. 
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1 II First step of two stage 
excavation 

111 Second step of t-.,o stage 
exca.otron 
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>-
-8 Cfv=675 t/m 2 

FIGURE S Displacement Paths-EP Analysis (K0 = 1.0) 

12 

The major and minor principal stress contours for both the cases are 
shown in Figs. 6 to 8. For case 2ST. stress contours for elasto-plastic 
analysis only are shown. The contours, in general, clearly show the 
stress concentration zone near the bottom corner of the tunnel. A 
comparison of the stress contours for t.he two cases shows that both the 
principal stresses are significantly affected by the yielding of the rock and 
it is very much pronounced in case of minor principal stress. 

On comparison of elastic and elasto-plastic principal stresses for case 
1ST, it is seen that close to the tunnel boundary, whereas above the 
springing level, the minor principal stress is less, in case of elasto-plastic 
analysis, below the springing level of tunnel, it is greater and the maximum 
difference is observed in the side wall portion of the tunnel ( 198.9 percent). 
The major principal stress obtained from elasto-plastic analysis are 
smaller at all the lontions as compared to those obtained from elastic 
analysis and the ma ximum difference observed is about 19.3 percent (in 
the side wall portion of the tunnel). 

The maximum value of tensile stress indicated after first stage of 
excavation in case 2ST is near springing level and it is -199.7 t/m2• This is 
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.FlGURE 6 Principal Stress Contours- EL Analysis (K0 = 1.0) 

reduced to 2 .5 t/m2 (compressive) in the elastio-plastic solution obtained 
after completion of first stage excavation a nd becomes 4.1 t/m2 after the 
elasto-plastic solution of the final stage of excavation is obtained. 

The displacements and stresses obtained for single stage and two stage 
excavations for K0 = I conditio n for some typical points near the tunnel 
boundary are presented in Table 1. 
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FIGURE 7 Principal Stress Contours--EP Analysis (Ko=l.0) 

Case 2 (Ko = 0 .5) 

The elastic and elasto -plastic deformed shapes of the tunnel are shown 
in Fig. 9. For case 1ST, the elastic deformations are higher at the crown 
and invert portion of the tunnel as compared to the deformations in the 
side wall portion of the tunnel. The elasto-plastic deformations are more 
in the side wall portion of the tunnel as compared to deformations in the 
crown or invert portion. For case 2ST the elasto-plastic deformed shape 
is non-uniform. 
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Comparing the displacements obtained from elasto-plastic analysis for 
case 2ST and case 1ST, it is found that above the springing level, the dis
placements are higher in case 2ST (maximum about 83.1 percent) but 
around springing level they are lower in this case and then again are 
slightly higher than case 1ST. In the invert portion of the tunnel, t he 
difference is almost negligible. 
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• After final stage I EP I 

3mm 
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FIGURE 9 Deformed Shape of Tunnel (K0 = 0.5) 

The displacement paths (for elasto-plastic analysis) for four typical 
locations on the tunnel boundary are shown in Fig. 10 for the two cases. 
From the figure, it is seen that at location 1, the movement of the point 
is, in general, downwards and to the left. There is not much difference 
in the direction of the movement but there is marked difference in the 
magnitude of the displacements. At location 2, the displacement paths 
are very much different for the two cases. In cjlse 1ST, it is to the left 
and slightly downwards but in case 2ST, first the point moves upwards 
and to the right and then sharply to the left. There is slight difference in 
the magnitudes of the final displaced position. At location 3, the final 
direction and magnitude are almost same. The final direction is to the 
left and about 45° upwards. At location 4, in the invert portion of the 
tunnel, the magnitude and direction are same for the two cases and it is 
almost in the vertical direction. 

The major and minor principal stress contours are shown in Figs. 11 to 
13, for both the cases. For case 1ST stress contours are shown for both 
elastic and elasto-plastic analyses, whereas for case 2ST, stress contours 
for only elasto-plastic analysis are shown. The contours, in general, 
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211 

4 

show the stress concentration zone near the bottom corner of the tunnel. 
A comparison of stress contours for the two cases shows that both the 
principal stresses are affected by yielding of the rock and the effect is more 
pronounced in case of minor principal stress in this case. 

A comparison of elastic and elasto-plastic stresses for case 1ST shows 
that the maximum difference occurs in the side wall portion of the tunnel. 
It is observed that at few locations close to the tunnel boundary, the minor 
principal stresses are hi~her for elasto-plastic analysis in the side wall 
portion of the tunnel as compared to those obtained from elastic analysis 
however, the values involved are very small. The major principal stresses 
obtained from the elasto-plastic analysis are Jess than those obtained from 
elastic analysis and the maximum difference observed is in the side wall 
portion (about 35.4 percent). 

The maximum value of tensile stress indicated after the first stage of 
excavation in case 2ST is near the springing level of the tunnel and 
it is-111.4 t/m2

• This is reduced to 12.6 t/m1 (compressive) in the 
elasto-plastic solution obtained after completion of the first stage 
excavation and becomes 6.3 t/m2 (compressive) after the elasto-plastic 
solution of the final stage excavation is obtained. 
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Jn Table 2 are presented the displacements and stresses obtained for 
case 1ST and case 2ST for some typical locations near the tunnel boundary. 

Ca~e 3 (K 0 =--= 1.5) 

The elastic and elasto-plastic deformed shapes of the tunnel are shown 
111 Fig. 14. For case 1ST, the elastic deformations are higher near the 
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springing level of the tunnel and smaller in the crown and invert portions 
of the tunnel. The elasto-plastic deformations are more in the crown and 
invert portions of the tunnel and in the side wall portion, they are smaller. 
For case 2ST, the. elasto-plastic analysis indicates large deformations in the 
side wall of the tunnel in the second stage of exca\-ation (the soluticn 
does not converge and comparatively large deformations are indicated). 
As such, the deformed shape indicates comparatively unstable tunnel. 
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Considering case 1 ST, large differences are found in the displacements 
at the tunnel boundary between elasto-plastic and elastic analyses at the 
crown and invert of the tunnel. The difference around springing level is 
negligible. For the present set of properties, elastic displacements at the 
crown of the tunnel is 0.652 x 10- 3 m; at the springing level of the tunnel 
is0. 169 x l0- 2 m and at the invertofthetunnel is0.879X l0- 3 m. The 
maximum difference observed between elasto-plastic and elastic analyses 
is about 168 percent near the crown of the tunnel. 
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The displacements obtained in. case 2ST from the elasto-plastic analysis 
(non-converged solution) are very large in the side wall portion as com-
pared to case 1ST. The maximum difference between the two stage 
excavation and single stage excavation is about 616.3 per cent in the side 
wall portion of the tunnel. 

The displacement paths (for elasto-plastic analysis only) for five typical 
locations on the tunnel boundary a re shown in Fig. 15 for both the cases. 
From the figure it is seen that at location 1, the movement of the point 
is, in general. to the left and downwards. There is marginal difference in 
the direction of movement and marked difference in the magnitudes of dis
placements in the two cases at location l. At location 2, in general, the 
movement is towards the left. For case 2ST, it is first slightly downwards 
and then to the left. At location I, for case 1ST, the movement is towards 
the left and slightly upwards, while for case 2ST, the movement is upwards 
and to the left. This location clearly indicates large magnitude of defor
mation as co mpared to case 1ST . At location 3, the movement is towards 
the left and upward. There is marginal difference in the final magnitudes 
of displacements in the two cases. At location 4, the movement is 
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upwards and to the left (about 45°). The final magnitude and direction 
are almost same in the two cases at this location. 

The major and minor principal stress contours are shown in Figs. 16 
and 17 for case 1 ST (for both elastic and elasto-plastic analyses). For 
case 2ST, since the elasto-plastic analysis indicates a comparative insta
bility of side walls, hence the principal stress contours are not shown. The 
contours, in general, show the stress concentration zone near the bottom 
corner of the tunneL A comparison of stress contours for the elastic and 
elasto-plastic analyses shows that both the principal stresses are affected 
by yielding of the rock and it is more pronounced in the case of major 
principal stresses. 

The maximum value of tensile stress i·Jdica ted for this insitu -s tress 
ratio in case 2ST, after the first stage excavation is also near the springing 
level and it is -299.6 t/m2. This is reduced to -5. 7 t/m2 after the first 
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stage elasto-plastic solution is obtained. The elasto-plastic solution after 
the second stage excavation does not converge. 

In Table 3 are prese nted the displacements and stresses obtained for 
case 1ST and case 2ST for some typical locations near the tunnel 
boundary. 
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FIGURE 17 Principal Stress Contours- EP Analysis (Ko = 1.5) 

Conclusions 

From the study carried out for elastic and elasto-plastic analyses of 
horse-shoe shaped tunnel excavated in single and two stages for three 
insitu stress ratios, following conclusions are drawn. 

Considering the displacements dt the tunnel boundary, in case of single 
stage excavation, maximum difference observed between elasto-plastic a nd 
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elastic analysis is for K0 =-0 1.5 and it is in the crown portion of the 
tunnel. Further, in the case of elasto-plastic analysis, for this particular 
set of properties, the displacements near the tunnel boundary tend to be 
comparatively uniform all around the tunnel. 

A comparison of the displacements for elasto-plastic analysis for single 
and two stage excavations shows that in general, the displacements obtained 
from two stage excavation are higher and the difference obtained is maxi
mum in case of Ko = 1.5 in the lower half of the tunnel. 

A study of displacement paths shows that the magnitude and direction 
of movement are affected maximum in the side wall portion of the tunnel 
for all the cases and it is maximum for K 0 = 1.5, for two stage excavation 
scheme. 

A comparison of the principal stress contours for the two types of 
excavation procedures shows that, in general, the side wall portion of 
the tunnel is affected more for all Ka values. 

It is observed that in case of two stage excavation, the rock is subjected 
to tensile stresses near the springing of the tunnel. 

A similar analysis carried out for circular tunnels has been reported by 
Srivastava ei al. (1986). Following common behaviour are noted for 
both the cases of underground openings : 

(a) For the present material properties and insitu stress states, if more 
yielding is indicated the effect of sequence of excavation is more 
and conversely, if no yielding is indicated, sequence of excavation 
does not have any effect. Because as expected, the final displa
cements and stresses are independent of the sequence of excavation 
in elastic analysis and very much dependent on the sequence of 
excavation in elasto-plastic analysis. 

(b) lt has been found that the sequence of excavation can result in 
large reversal of stresses and in the direction of movement of the 
points around the tunnel. 

(c) In case of elastic analysis, displacements are very much a function 
of insitu stress ratio and the difference in displacements between 
any two points is more for stress ratios other than l. In case of 
elasto-plastic analysis. the displacement distribution tends to be 
comparatively uniform {for K0 values not differing much from 1) 
and the difference in displacements between any two points is 
comparatively less as compared to elastic analysis. 

From a comparison of yielding, displacements and stresses, in case of 
circular and horse-shoe tunnels for the properties used , it is concluded 
that 
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(i) for insitu stress ratio (Ko) equal to or greater than I, in case of 
circular shape of tunnel, less yielding and displacements are 
obtained as compared to horse-shoe shaped tunnel; 

W) for Ko less than one the reverse trend is observed. 

From this it may be concluded that for Ko equal to or greater than I, 
circular shape appears to be better and for Ko less than 1, horse-shoe 
shape seems to be better suited. 

For the two shapes of tunnels viz. circular and horse-shoe, a compari
son of single and two stage excavations shows that single stage excavation 
should be preferably carried out because in multiple stage excavation. the 
media is likely to be subjected to tensile stresses also, and the portions 
which have been excavated in previous stages are subjected to increasing 
stresses (because of stress redistribution) and hence larger displacements 
occur in the exc.ivated portion of the tunnel. Moreover, uniformity of dis
placements and stresses is also lost. This may create-difficulties in the 
choice and provision of support structures. 
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