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Introduction 

Most natural deposits are anisotropic and nonhomogeneous with respect 
to s?ear strength (Casagrande and Carillo, 1944; Lo, 1965; Bishop, 

1966; L1vneh and Komornik 1967). In addition to nonhomogeneity in 
cohesion, nonhomogeneity in the form of layers is of common occurrence. 
Several experimental, theoretical and semiemperical methods with regard 
to layered soils have been reported in literature (Buttol'l, 1953; Yamaguchi, 
1963; Reddy and Srinivasan, 1967; Stragnov, 1967; Brown and Meyerhof, 
1969; Meyerhof, 1974; Purushothamaraj, Ramiah and Venkatakrishna 
Rao, 1974; Vesic 1975; Tejchmen, 1977; Meyerhof and Hanna, 1978; 
Hanna and Meyerhof, 1979). For the case of two layered c-<p soils, in 
the studies that have been reported so far, the soil in each layer is treated 
as isotropic and homogeneous. But, in nature the soil in -each layer could 
be anisotropic and nonhomogeneous. Of the several analytical methods 
of finding the bearing capacity of soil, limit analysis, particularly upper 
bound analysis, is found to be a convenient tool (Chen, I 975). In this 
analysis, the ultimate bearing capacity of strip footing on a two layer c- qi 
soil is obtained using limit analysis. A Prandtl-Terzaghi failure mechanism 
with varying boundary wedge angles is assumed and soil in each layer is 
assumed to have same angle of internal friction. The results are presented 
in the form of charts in terms of nondimensional quantities. 

Analysis 

The two layer system considered in this analysis is shown in Fig. 1 
and the various parameters are defined in the list of notations. The 
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FIGURE 1 Two Layer System Considered in the Analysis 
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Prandtl-Terzaghi type failure mechanism is a~sumed. For given para
meters d, D, B and cp, the angles ~ and ·'l define the failure surface 
(Fig. 2(a)). Depending on the values of the parameters and the values of 
~ and '1), different cases of failure arise. These cases are : 

(i) Case 1 : the central wedge lies entirely in the top layer 

(ii) Case 2 : the central wedge extends to bottom layer 

[d > D < (D+B/2 tan;)], and 

(iii) Case 3 : the central wedge lies entirely in the bottom layer d < D. 

In case 1, two further cases will arise, viz., 

(a) Case 1A; the•'1J line lies in top and bottom layers (Fig. 2(a)) and 

(b) Case 1B; the '1J line lies entirely in the top layers (Fig. 2(b)). 

In case 2 also, two further cases arise, viz., 

(a) Case 2A; the 'YJ line lies in both the top and bottom layers 
(Fig. 3(a)) and 

(b) Case 2B; the 'YJ line lies entirely in the top layer (Fig. 3(b)). 

For case 3, the failure mechanism is shown in Fig. 4 . The analysis for 
case IA is presented below. 

The velocity triangle is shown in Fig. 2a and the velocities Yi and Vr 
are given by 

V1 = vertical velocity = Vo cos cp 
cos (~-<p) 

V,. = relative velocity along be = Vo sin ~ 
cos (~-<p) 

... (l) 

.. . (2) 

;Vhere V0 ~ rel~tive velocity at point c along log spiral (see Fig. 2(a)). 
f~e. cohesion 1s assu~ed to _vary linearly ":'ith depth (see Fig. 1) and the 
~oil 1s assumed to be amsotrop1c. The variation of cohesion with direct ion 
1s taken as 

Ci = cH+ (cv-cH) sin2 i ,.. (3) 

Referring to Fig. 2a, the rate of energy dissipation along be = £
1 

E1 = (average Ci along be) (length be) (V, cos <p)] 

= [ cHS1+/31D+ {3~B tan~J[t +(k1-l)sin2 (~+µ);] 

[ 
BV0 sin ~ cos ~ ] 

• 2 cos~ cos (~-<,>) 
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FIGURE 4 Failure Mechanism- Case 3 

Rate of energy dissipation in the portion bed of the logarithmic spiral = E2 

81 
E2 = f (average Ci along a radial line) (V, ,fl<) 

0 

+ ~[ /
1 

e36 tancp sin (~+8) d6 
4 cos~ o 

~ ] B~ + (k1-l) J e311 tan 'P sin (~ + 8) sin2 (~ + a+ f') d6 2 ° ~ o cos 

Rate of energy dissipation along logarithmic spiral cd = E 3 

91 
E

3 
= I (c, at a 1'0int on logarithmic spiral) ( V, d8) 

0 

[ 

81 91 
= (cns1 +~a D) f e29 tan 'P d8-i-(k1 -1) f e20 tan cp dB 

0 0 

e. 
+(k

1
-l) f e29 tancp sin2 (X-8) de 

0 

+ f31 B /1 ell tan cp sin (~+ 8) d6 
2 cos~ o 

+ (k1-l) /1 e38 tan 'P sin (8+~) sin2 (X-0) au] BV
0 

o 2cos~ 

where, X = 90+ cp+!'-~ 

.. . (5) 

... (6) 
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Rate of energy dissipation along de is given by £
4 

8, 
£ 4 = J (c, along de) ( V, d0) 

0 

= f• cnso+ f32[- -B __ e<o,+ O)tan'f'_ (d-D) J 
0 • 2cos ~ sin (~ + 01 + 0) 

. sin (!;+ 01+ 0) ll +(k2 - l) sin2 (Y-0)] 

[ BVo e2(01 + 0)tan'f'Jd8 
2 cos~ 

where 

y = 90+ ip + µ - ~-81 

Rate of energy dissipation in the region bde can be written as E5 

e. 
£ 5 = J [ (average Ci in portion x1) x1 

0 

+ (average Ci in portion x 2) x 2] V dB 

82 [ '11 7 [ (d- D ) J = / cns1+ 2 (D+ d) .J sin (~+ 01 + 0) 

[l + (k1- l) sin2 (~+ 01 + 8+ µ.)] V0 e<8
1 +o) tan 'P d0 

+ t [ cns2 X2 + ~
2 

x~ sin (1; + 01 + 0) J 

... (7) 

. (1 + (k2- l) sin2 (1;+ 01 + 0+ µ)] V0 e<1h+8> tan 'P dO ... (8) 

Rate of energy dissipation along the straight line portion cf= E6 

E, = (average c, along e/) (length e/) (V cos cp) 

BV0 (O +o) tan cp 2 sin 03 { = 2 COS~ e l 2 -coi ('f> +-0-;3 COS cp f T-TS2 

(12 [ B e<B1 + B,) tan q, 

+ 2 2 cos l; sin (!;+ 01 -1-02) 
(d- D ) ] } 

. [ 1 + (k2- l) sin2 (82- Y)] 

Rate of energy dissipation along Jg = E7 

E1 = (average c, along/g) (length/g) (V cos '1>) 

_ BV0 e2<81+8,) tan 'P sin ('1) -03) cosz q> [ 
- 2 cos~ cos (qi + 03) cos (q>-b J) r Hs,--1-

. (1 + (k1- 1) sin2 (02- Y)] 

... (9) 

... (10) 
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Half of rate of work done due to weight of soil in triangle abc = £
8 

E _ ¼ y1 B~ V0 sin ~ cos cp 
8 

- cos!; cos (1;- cp) .. . (11) 

Rate of work done d ue to weight of soil in logarithmic spiral bed = E
9 

E Y1 B
2 

Vo r ,3e, tan 'P [3 (i:- e) 
o = 8 cosz (1 + 9 tan2 cp) l e tan <p cos ... - i 

+ sin (1;+ 01)]-3 tan cp cos !;- sin ~]} ... (12) 

Rate of work done due to weight of soil in the logarithmic spiral bde can 
be considered as the sum of the rates of work done in logarithmic spiral 
bde with unit weight y 2 and the difference in the rate of work done in the 
portion bdf' due to difference in the unit weights. This is obtained as 

o, - d- D ]2 
+ J ½ (y2- Y1) Lsin (; + 01 + 0) V cos (; + 01+ 0) dB .. . (13) 

Rate of work done due to weight in portion befgh can be considered as the 
sum of rates of work done due to weight of soil in portion befgh with unit 
weight y1 and the difference in th~ rate of work done in portion eff' due to 
change in unit weight. This is obtained as 

E __ .1. y1 B2 V0 [ sin (3' cos ~' cos2 cp + sin YJ cos cp J 
11 

-
8 cos2 ~ cos2 t c;, +-1J) cos ( cp+YJ) 

. [cos ('YJ- p') e3(01 +o,) tan 'P] 

_ 1_ ( _ ) [-B __ e<e1 -t-02) tanq, _ _ (d-D)' ]
2

• -~co_s_cp~~,-
2 Y2 Yi 2 cos!; sin(7J- f,) cos (cp+ 1J- W) 

. .. (14) 

Rate of work done by the foundation load taking one one half = £12 

E _ ..!!.__ V0 cos cp (15) 
12 - q 2 cos (!;- cp) ... 

Equating the rate of external work done including the rate of work done 
by the weight of soil (Eqs . 1 I to 15), to the rate of energy dissipation 
(Eqs. 4 to 10), the expression for q can be written as 

q = (E,+E2 + E3 + E4 + E5 + E6 +E7-E8 - E0 -El0-E
1 1

) 

2 cos (1;- <p) 
B V0 cos <p •. . (16) 

Referring to Fig. 1, the cohesion at the bottom of top layer is designated 
as C~s1 and the ratio of (r Hs2! c:1s1 ) as cR, Introducing the nondimen-
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sional variables, 

V1 = ~I B , V2 = ~2 B • G = Y1 B • GR = Y2 
CHs1 CHs1 CH s 1 Y1 

the expression for nondimensional bearing capacity q' can be written as 

... (17) 

q' is in terms of the above nondimensional parameters. The expressions 
for Ne and Nn have not been given since they are too lengthy. 

For case IB (Fig. 2b), expressions for E1, E1 , E3 are same as for case 

IA. Expressions E• and E6 are to be modified using o; instead of 02• 0; 

is the angle dbe in Fig. 3, and is arrived at by geometry. Expressions for 

£ 6 and £ 7 are also to be modified using e; and taking appropriate value of 

average cohesion along radial line. Expressions E,, E9 are same as in case 
lA. Expressions £ 10 and and Eu are also to be modified. Expression for 
E12 is the same as for case lA. 

For case 2A (Fig. 3a) Eq. 1 is to be modified, E2 and E3 are zero since 
61 = 0. Expressions for E,, E6 , E,, E7, E9 , E10 and Eu are same as for 
case lA. Expression E8 is to be suitably modified since the wedge lies in 
both layers. Expression for E1a is the same as for case IA. 

For case 2B, expressions E1 and E8 are to be modified as above, and 
expressions for E2 to E7 and E9 to E11 are the same as for case lB. Expres
sion for E12 is the same as for case IA. 

Similarly, for case 3 expressions for E1 to E1i, are to be suitably modifi
ed taking into account appropriate expressions for cohesions along the 
failure surface and average cohesion. Details of modifications and expres
sions for the cases discussed are given elsewhere (Venkatakrishna Rao, 
1980). 

For obtaining q' minimum, ~ and 'I) which define the failure mechanism 
should satisfy the conditions 

aq'fo~ = o 
aq'/o'I) = o 

... (18) 

... (19) 

Substituting the values of~ and 'I) which satisfy Eqs. 18 and 19 in the 
appropriate expression for q', q' minimum is obtained. ' 

Results and Discussions 

Numerical values of minimum q' have been obtained for cp = IO 30 
and 40 degrees, d' = 0.0 and 1.0, dl = 0.5, l.O and 1.5, Vi = 0.0, o.s' and 
1:20, k1 = 0.8, and 2._o, cR = 0.25, 0.75, 1.0 and 1.5. and G = O.Oand 2.0. 
Smee the parameters mvolved are many, numerical results are presented 
for"• = '111, k2 = k1 and y2 = y1 • 
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For ~iven parameters, cp, d' , d1 , the angles~ and 'll define the failure 
mechanism. The appropriate expressions for q' as discussed earlier are 
used in obtaining the minimum values. Figures 5 to IO show the variation 
of q' with cR for various other parameters. It can be noted that with 
t~e assumption of v2 = v1 , k2 = k1 , and y2 Yv cR = 1 corresponds to a 
smgle layer. 

As could be seen from the figures the variation of q' with cR is almost 
linear in most of the cases. These figures also reveal that the trend of 
variation of q' with change in cR is also similar to those observed by Button 
(1953), Reddy and Srinivasan (1967)for clays and that of Purushothamaraj 
Ramiah and Venkatakrishna Rao (1974) for c-'I' soils, i.e. for cR less than 
one, the bearing capacity is lower or equal to that of upper layer and for 
cR greater than one, the bearing capacity is greater than or equal to that of 
upper layer. The figures also reveal that for v1 = 0.0 and cR < I, as d1 
increases, the bearing capacity q' increases and approaches the values of 
upper layer. For v1 = 0.0 and cR > I, as d1 increases, q' decreases and 
approaches the values of upper layer. But when v 1:;i:0.0' and cR < I , in 
some cases as d1 increases, first there is a decrease in q' and then q' incre
ases and approaches the q' of upper layer. Similarly, when v1 :;t: 0.0 and 
cR > l, in some cases as d1 increases, first there is an increase in q' and 
then q' decreases. Such a trend can be explained by the fact that q' 
depends on variation of cohesion in the upper and lower layers and the 
corresponding lengths of the failure surface. 

In order to compare the influence of soil on the bearing capaoity, the 
values of q' obtained for layered case are compared with those of the upper 
layer extending to infinite depth (called herein as single layer) and the 
following variations are observed: 

(i) The change in the bearing capacity when compared to that of 
single layer is more for G = 0.0 than that for G = 2.0. For the 
range of parameters considered in the analysis, the ratio of q' of 
layered case to q' of single layer varies from 0.304 to 1.490 for 
G = 0.0, and for G = 2.0, the variation ranges from 0.491 to 
1.328. This is to be expected since anisotropy and nonhomo
geneity in cohesion is to affect more the terms contributing to Ne 
then N q y • 

(ii) For given set of parameters, as k1 changes from 0.8 to 2.0, change 
in the ratio is not very much. For the range of other parameters 
considered, as k1 changes from 0.8 to 2.0, the maximum change is 
of the order of - 3.0 to 12.5 per cent with respect to k1 = 0.8 
values. 

(iii) As v1 changes from O to I .2, the changes in ratios are more com
pared to the changes due to k1 • For q> = 10 degrees, as v1 changes 
fr?m O to 1.2, the change in ratios range from 86 to --12 per cent 
with respect to vi = 0.0 case, and for q> = 40 degrees the range is 
118 to - 16 per cent. 

(iv) For given other parameters, d' has considerable influence on the 
bearin~ capacity of layered soil. With increase in d', effect of 
layers 1s more pronounced, since increase in d' increases the depth 
of failure surface. 
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(v) As cp increases, the maximum depth of failure surface increases 
and hence values of d1 that influence the bearing capacity also 
increase. 

(vi) When CR< 1, the bearing capacity of layered soil is less than or 
equal to the bearing capacity of single layer. When cR > 1, the 
bearing is greater than or equal to the bearing capacity of single 
layer. Also, it is observed that the effect ofcR is more _for G = O.O 
compared to G = 2.0. 

(vii) The effect of increase in_ d1 is to reduce _the ,effect (!f layers on the 
bearing capacity. Agam, the changes m q as d1 mcreases is more 
for G= 0.0 compared to G = 2.0. 

(viii) For the range of parameters considered, the ratio of q' layered to 
q' single layer varies from 0.30 to 1.490, 

In order to study the influence of anisotropy and nonhomogen~ity . in 
each layer, the ratios of bearing capacity of the layered system cons1~ermg 
anisotropy and nonhomogeneity in each layer and the b~aring . capacity ~f 
layered system treating each layer as homogeneous and 1sotrop1c are obtai
ned. The details of these are given elsewhere (Venkatakrishna Rao, 1980). 
For the range of parameters considered, these ratios vary from 0.505 to 
8.85. 

The failure surfaces for which q' minimum is obtained, vary with change 
in parameters such as vi, k1, cR and other parameters. The typical failure 
surfaces are shown in Fig. 11. As could be seen from this figure, with 
increase in v1 or k1 , the failure surface becomes shallower and narrower. 
It can also be seen that as cR increases, the failure becomes shallower and 
narrower. 

Conclusions 

Anisotropy and nonhomogeneity in cohesion in each layer have consi
derable influence on the ultimate bearing capacity. For the range of 
parameters considered, the ratio of bearing capacity of layered soil to 
bearing capacity of top layer extending to infinity varies from 0.30 to 
1.490: The _ratios of bearing capacity of layered soil treating each layer 
as amsotrop1c and nonhomogeneous to that of the same layer treating 
the soil as homogenous and isotropic vary from 0.50 to 8.85. 
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Notation 

B 

C 

en 

cvs 

Cv 

width of foundation; 

cohesion of soil; 

cohesion in the horizontal direction; 

cohesion at su!'face in the horizontal direction of top 
layer; 

cohesion at the top of lower layer m the horizontal 
direction; 

cohesion at the bottom of top layer; 

cohesion at surface in the vertical direction; 

cohesion in the vertical direction; 
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- cohesion corresponding to an inclination i of the major 
principal stress with horizontal; 

= depth of foundation; 

- thickness of top layer; 

d/B; 

D/B; 

expressions for rates of energy dissipation and external 
work done for different portions; 

- 'Y1 B/cnsL; 

- 'Y2/r1; 

inclinations of direction of major principal stress with 
horizontal; 

coefficients of anisotropy in the top and lower layers, 
respectively = cv/cn; 

nondimensional bearing capacity factors; 

ultimate bearing capacity; 

nondimensional bearing capacity = q/cvs; 

- radius of the logarithmic spiral; 

vertical velocity (Fig, 2a); 

relative velocities (Fig. 2a); 

portions of length of radial line in the top and lower 
layers, respectively; 

- variation of cohesion with depth in top layer; 

variation of cohesion with depth on the lower ]ayer; 

angle as shown in Figs. 2 to 5; 

unit weights of soil in the top and lower layers, respec
tively; 

- boundary wedge angles, shown in Figs. 2 to 5; 

angle made by radial line with vertical; 

- angle bed in Figs. 2(a) and 3(a); 

-- angle as shown in Figs. 2 (a), 3(a) and 4; 

- angle shown in Figs. 2{a) and 3(b) and 4; 
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- angles as shown in Fig. 2(b) and 3(b); 

45° - </,/2; 

- fi1 B/cHs1; 

~ 2 Bfcnsi; 

- angle made by the triangular wedge at the base of foun
dation (see Figs 2 to 4) 

- angle of internal friction of soil. 




