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Terzaghi consolidation theory 

The .solutions ~f the one dimensional consolidation equation (viz.) 
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where u = pore water pressure, U = average degree of consolidation and 
Tv = time factor. 

Since these equations are cumbersome for calculation purposes, Terzaghi 
(1943) gave the following two emperical expressions to represent Equation (3) 
besides presenting the exact values in graphical form. 

for values of U per cent between 0 and 52.6 and 

Tv= 1.781 - 0.933 log10 (100-U per cent) 

for values of U per cent between 52.6 and 100. 

. .. (4) 

... (5) 

Howeve:, no emperical expressions were proposed by Terzaghi (1943) for 
calculatmg the pore water pressure in the soil layer. 
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Assumptions and the governing equation 

A convenient non-dimensional form of Equation (1) could .be obtained ..._ 

b • • t U Z Z . C vl 
y wntmg u = - , , o = 2H and T, = --. 
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The initial and. boundary ~onditions for u' a~e shown in Figures I(a) and 
1 (b). Terzagh1 (1943) pomted out that the Isochrones for u' have approxi
mately the shape of parabolas. The consolidation process can be 
conveniently divided into the following two stages. During the first stage 
of consolidation, the apex of the isochrones 'c' and 'e' advance towards 'd' 
(Figure la). At the end of the first stage, points 'c' and 'e' meet at point 
'd' and the isochrone moves away from the line bf. This is the second stage 
of consolidation. 

Solution during the first stage of consolidation 

During the first stage of consolidation, the isochrones are· assumed to be 
represented by parabolas of the form 

and 

for Zo < z1 

Z1 <! 
... (1a) 

Ua' = 1 for z1 < Zo <! ... (1b) 

where z1 is an unknown function of time factor and ha~ to be determined. 
If Equation 7(a) is substituted Into Equation (6), a residual R is obtained 
depending upon the error involved. Thus 

R - _a_[ ()Ua' J-4 aua' ... (8) 
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-~o-~ 0 a··---··-- ---.- b -- . z'= o 
U=O ·· · - u~:1 u' · u~o u':1 "' u' 

FIGURE 1. (a) Typical isochrone during first stage of consolidation 
' (b) TypicaJ ·isochrone during second stage of consolidation 

. ~ 
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Taking a weighting function of zo and applying Galerkin's weighted residual 
ntethod, 

i.e. 
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sequent integration of Equation (10) yeilds 

z
1
dz

1 
= 3/2 dTv ... (ll) 

which on integration between the limits 0 to z1 and 0 to Tv gives 

... (12) 

The average degree of consolidation U is given by the shaded area of 
Figure 1(a). Thus 

zl 

U = 1-2 J Zo(2z~-Zo). dzo-(l-2z1) 

0 zt 

... (13) 

Substitution of Equation (13) into Equation (12) gives, 

U = v4/3 Tv 

This equation gives a simple relationship between U and Tv during the first 
s~age_ of consolidation . It is also observed that the first stage of consolida
tion IS over where U = l/ 3 or Tv = 0.0833. 

Solution during the second stage of consolidation 

During the second stage of consc;>lidation, the isochrones for u' can be 
expressed by parabolas of the form 

Ua' = Zo(l-zo) F ... (15) 

where F is a function of t~me. 

If Equation (15) is substituted into Equation (6), the residual R is given by 

R = .!.[.!ULJ~4 aua' 
oz" ij?g oTv '· · ... (16) 
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Application of Galerkin's weighted residual method with a weighti~g·· 
function of Zo(1- zo) gives, 

1 

-- -~ - 4 _ !}_ . Zv(l- zo) dzo = 0 J[ a (QU ') au I J ' 
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.. . (17) 

0 

As before substitution of oUa' and oTUa' values from Equation (15) into Equa-
oZo Ov . 

tion (17) and subsequent integration yeilds 

dTv = f. dF/F ... (18) 

Integration of Equation (18) between the limits 0 to T,. gives 

Tv = f .loge (F/ Fo) .:.(19) 

where Fo is the initial value ofF and is obtained as follows : when Tv = 0, 
equation (15) gives 

1-z0 (l-zo) Fo = 0. 

Applying Galerkin's method with a wei2hting function of zo{l- Zo) 
above equation one gets · :. : . 

1 J [1-zo(1-zo)Fo] Zo(l-zo) dzo = 0 

0 

whence Fo = 5. · Thus Equation (19) can be written as 

F = 5 exp ( -2.5Tv) 

... (20) 

to the 
' . 

... (21) 

... (22) 

The average degree of consolidation u ·is given as before by the shaded are·a 
ofFigure 1(b). Thus 

which gives 

1 

U = 1-f Zo(I-zo) F dzo 

0 

U = (1-kF). 

Thus Equation (22) can be written as · 

U = 1-f exp. (-2.5 Tv) 

... (23) 

... i 

... (24) 

This equation provides a simple relationship between U and Tv. during .ihe: · 
second stage of consolidation. The values of U for various values ofT. are, 
c~lc\}_lated -using Equ~tions (14) ap..~ (~4) and are p:esen!ed i!lTable I- alo'ng:· 
With those calculated from Terzagh1 s ngorous solut1on g1ven m Equation (3). 
It is observed that the values of average degree of consoli(jation calculated 
whh the present analysis are withitr2 to 3 "pen:~rif of-the ex'act values. 
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TABLE I 

'-

.Average degree of consolida tion U Mid-plane pore water pressure 
ratio llu' 

Time Present Analysis : 
'Factor· Equat ion (14) for 
T~ Terzaghi 's theory Tv va lues upto Terzaghi's theory Present Analysis : 

Equation (3) 
0.083 and Eq ua- Equation (2} Equation (25) 

' • tion (24) for T., 
values beyond 

0 .083 

0.004 - 0 .0735 0.0731 1.0000 1.0000 

- 0.008 0.10:38 0.1033 1.0000 1.0000 

0.012 0.1248 0.1265 1.0000 1.0000 

0.020 0.1598 0.1633 1.0000 1.0000 
1-

: 0.028 ... 0.1889 0.1932 1.0000 t:oooo· 
' 0.036' 0.2141 0 .2191 0.9996 1.0000 

~ 0.048 0.2~64 0.2530 0.9974 1.0000 

0.060 0.2764 0.2829 0.9922 1.0000 

0.072 0.3028 0.3098 0.9828 1.0000 

0.083 . 0,.3233 0.3328 0.9716 1.0000 

\ .. O.tOO ' 0.3562 0.3512 0.9493 0.9731 

0.150 0.4370 0.4275 0.8642 0.8588 

0.200 0.5041 0.4945 0.7723 0.7582 

0.250 ' · 0.5622 0.5541 0.6842 0.6688 
--._( 

0.300 0 .6132 0.6063 ·0.6068 0.5905 

0.350 0.6582 0.6546 0.5355 0.5205 

0.400 0.6973 0.6934 0.4745 0.4599 

0.500- 0.7640 0.7615 0.3708 0.3532 

0.600 0.8156 0.8141 0.2897 0.2793 

0.700 0.8559 0. 8554 0.2264 0.2170 

0.800 0.8874 0.8872 0.1769 0.1 691 
0.900 0.9119 0.9121 0.1382 0.1319 

1.000 0.9313 0.9316 O. lOSO 0.1026 
2.000 0.9942 0.9944 0.0092 0.0084 

Calculation of pore water pressure in the soil layer 

For calculating the pore water pressure during consolidation at any 
depth in the soil layer, Equations (7a) and (12) are used during the first stage 
of consolidation and Equa~ions (15) and (22) are used during the second 
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st.ag~ o.f consolidation. As an example, if it is required to calculate the 
diSSipatiOn of pore water pressure at the mid-plane with time in a consoli-
~ating soil layer with double drainage, a valve of Zo = 0.5 is substituted t. 
mto Equation (15) which gives ua' = 0.25 F. Thus from Equation (22), 

uo' (mid-plane) = 0.25 exp ( -2.5 T.) ... (25) 

Using the above simple equation, the pore water pressure ratios u
0

' at the 
mid-plane are calculated for different values of T,. and are presented in 
Table I along with those calculated from Terzagbi's rigorous solution given 
in Equation (2). In this case also, the pore water pressure ratios calculated 
from the present analysis are within 2 to 3 per cent of the exact values. By 
substituting the relevant values for Zo (viz.), Z o = 0.1, 0.2, 0.3 etc .... in 
Equation ( 15) and following the above procedure, one could calculate the 
pore water pressure at any other depth in the soil layer. This procedure is 
much simpler than using Equation (2) for calculating pore water pressure 
dissipation with time. 

Conclusions 

Simple analytical solutions are developed for the one. dimensional 
consolidation theory using Galerkin's method. The final solutiOns develope~ 
are of closed-form, enabling one to calculate the averagt: degree of consoli
dation and the pore water pressure at any depth dunng the process of 
consolidation. 
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