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A fa~rly · com.tJ?On p~oble~ encountere_d i~ foundation engineering in semi· 
<l;nd and and regions 1s the det_ermmatiOn of ultimate bearing capacity ot 

footmg.> on partly saturated soils. The behaviour of partly saturated 
soils does not conform with that of saturated soils and also the 
presence of air-water interfaces produces · negative pore pressures 
causing additional intergranular pressures, which vary appreciably with 
changes in water content. Though it was recognised long time back 
that the behaviour of partly saturated soils d iffers considerably from that 
of saturated soils and the degree of saturation in soils has considerable 
influence on bearing capacity of soils, only a few attempts have been made 
to evaluate this influence. Bishop (1954, 1955) described how Skempton's 
pore pressure parameters (Skempton, 1954) could be applied to the problem 
of determining the effective stresses in earth dam during construction and 
during rapid drawn down, and to the analysis of the stability of slopes. To 
study effect of degree of saturation on the ultimate bearing capacity of 
flexible pavements, Broms (l964}expressed the apparent shear strength para
meters in terms of effective shear strength parameters, pore pressure 
parameters and initial pore pressures using t'he Mohr"s stress circles 
with respect to effective stresses and total stre·sses at fai lure. Siva 
Reddy and Mogaliah ( 1970) in their brief technical note presented 
an analysis for determining the ultimate bearing capacity of partly 
saturated soils using Skempton's pore pressure parameters and the method 
of characteristics. Herein, deta iled analysis and results are presented to bring 
out clearly the influence of initial pore pressure and degree of saturation on 
ultimate bearing capacity of these soils. . 

Assumptions 

I. The soil is rigid plastic at failure. 

2. The effecttve stress concept for satura ted soi ls holds good for partly 
saturated soils. The effective normal st ress with respect to shear 
strength is given by (Bishop et al 1960) * 

't" = c + [~ - Ua + X (ua - Uw)] tan ,P 
= c + (~ - u) tan ,p ... (I) 
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-. = m~ximum shearing resistance on a given plane, 

c and cfo = c?hesion and angle of internal friction, in terms of effec
tive stresses 

; = total normal stress, 

Ua = pore air pressure, 

u,. = pore water pressure, 

x = a parameter which depends upon degree of saturation 
and soil type, and 

u = equivalent pore pressure = [xuw + (1 - x)ua] 

3. The pore pressure change, t::, u, under conditions of no drainage is 
given by (Skempton, 1954) 

r where 

6_u = B[ t::,-cr3+A(t::,t11- 6 ~3)] .. . (2) . 

t-,u1, t::, ;;3 = changes in total stresses in major and minor 
principal stress directions, and 

A, B = pore pressure parameters 

These pore pressure parameters are stress dependent. However, in the 
present investigation these are assumed to be constant. 

4. At the instant of failure, a wedge of so il 00' L which is in elastic state 
(Figure I) is formed beneath the foundation. 

Analysis 

The a nalysis presented herein follows that of Siva Reddy and Mogaliah 
(1970) and Mogaliah (1974) . 

.___J Consider the state of stress at a point P (Figure 2) in a soil mass which 
· is in plas tic equilibrium. The slip lines make equal angles ±fl. with the 

direction of major principal stress, where fL = ; - -~- . · 

X 

z 
l' IGURE 1. Ass11med wcd~e belqw footing and cc;~ordil!~te axes 

' . 
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z 
FIGURE 2. Or:entation of slip lines at a point 

For two-dimensional problems, the stress condition in a soil mass which 
is in plastic equilibrium is given by Mohr-Coulomb criterion as 

where, 

ux, crz, ,. xz = effective stress components, and 

H = c cot¢. 

... (3) 

If ~1; , G3; and U0 are the initial total major principal stress, initial mir or 
principal stress and initial pore pressure respectively, a t a point P which is 
at a depth z from the surface, they can be expressed as 

where, 

11,; = Yb Z 

~3i = Ko(Yb z-uo)+uo 

Yb = total unit weight of the soil mass, and 

Ko = coefficient of earth pressure at rest 

.. . ( 4) \ --... (5) 

The changes in total major principal stress, 6a1 , total minor principal 

stress, 6a3, and pore prsssure t::.. u can be written as 

where, 

6u = U- Uo 

I 
~ 
I 

J 
crl = final total major principal stress, 

is = final total minor principal stress, and 

u = final pore pressure 

... (6) 
)... 
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Writing crt and era in terms of stress CO'mponents, 

... (7) 

On substituting for 0:1 , -;;.3 , -;;.11 and ~31 from Equations (7), (4) and (5) into 

Equations (6) the expressions for !:, ~. L}a3 and L}u are obtaio~d jn t~rms 
of effective stress components and pore pressure. Then substttutmg mto 
Equation (2) and simplifying, yields the following : 

B [I 5 1 r'2 u = f-B 2 (crx-l-11z)+(2A-l) f4- (cr.,-crz)2 tT~z S 

+Yo z(AKa-A-Ka) + u3(Ko-I) (I-A)+;] ... (8) 

Two new variables a defined by 

cr = t(crx-O'z)+c cot p = !(O'x-crz)+ H . .. (9) 

.. and 1/1 (the angle between the major principal stres~ direction and the x-a~is 
measured positive in the clock-w:se direction) are mtroduccd. The effect1ve 
stress co:nponcnts cr,, crz, Txz and u of Equations (3) and (8), can be 
expressed in terms of these two variables as 

ITx = a( I + sin p cos 2t/I)-H 

crz = 0'(1- sin p cos 21/1)-H 
T..,z = a sin ¢ sin 2.p 

B r-
u = l-B ~ a(I+(2A-1) sin tfo}-H 

+":'b z(AKo-A- Ko)+ua(K0 -1) (1-A)-1- ~ J 

•.. (10) 

... (II) 

... (12) 

... (13) 

Fle rein , ~~~ is taken to be independent of depth z. Approximate procedures 
for finding Ko and Uo in partly satu rated soi ls a rc given by Bishop a·nd 
H enke l ( I %2). A study of Eq uation ( 13) shows that as B approaches one 
this expression becomes indeterminate. 

The above Eq ult ions (10) tluou3h (13) are subs tituted into the following 
equations of cqutlibrium 

2ax -~--~ + orxz = 0 
() X ( X QZ 

... (14\ 

... (1 5) 

-4 where Yb = bulk density of the soil. Thc1. two ~quations are obtained in 
lterms _of the p~rtial derivatives of 11 and ljl. Multiplying the first of these 
1e~uat!ons ?Y sm (ljl±f..l) and the second by -cos (IJ!±f..l) and after ~ome 
~slmphficatJOn the following equations are obtained : · 

( 2~ acr 
~J tN) ,il-}; ± .M t.an tfo tan (.; ± fL) ax 
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where, 
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=f2a tan q, ot/1 ± N cos (tJ! ± fA.) 
· ax cos¢ cos Co/f!L) 

+ [(I +M) ~ a =f M tan rfo cot (tJ! =f !l) cu 
uZ oz 

. NJ =f20' tan r/> a::- tan (tJ!=f!l) = 0 

M= 1_!!B [1+(2A - l)sinrfo] 

N = Yb [1-__!!_ (AKo-A-Ko)] l-B 

Using tiJe following dimen~ionless variables 

, a 
a=c , 

where I= a characteristic len~th = ~.from Equations (16) the following 
Yb 

relationships are obtained along the characteristics. 
The first family is determined by 

dz' 
• d.1..' = tan (tfi-!l) ... (17) 

[I+M-M tan if> cot (~-!l-)]da'-2a' tan q, dtf! 

+M tan q, [tan (tP-!L)+cot (1/1-!L)] ~:: dx' 

N' cos (tfi+J.L) dx' 
cos q, cos (t/1 - ,....) 

and the second by 

... (18) 

d~' d:' =tan (t/J+!L) ... (19) 

(I+M+ M tan 1> cot (~+fl)J d0''+2a' tan 1> drp 

-M tan q, [tan (1/l +tJ.)+cot (1/l+f.L)] aa: dx' ox 
= A' cos (</t - !-') dx' 

cos q, cos (tJ! + tJ.) 

where, N' = y~ I [1-l~B (AK0-A-Ko) J. 
.. . (20) 

~u~stitution of B .... 0 and r1 :;;;; 0 into Equations (18) ll,n4 (20! redllcy 
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them to well known equations o ~ Sokolovsky (1965) along characteristics as 

da'=f2a' tan cfo d.p = ~ (cos cfo dz'=fsin cfo dx') . 
c cos¢ 

The above four equations may be used to find the values of x', z', a' 
and tjJ at the points of intersection of the characteri:.tics, starting from known 
boundaries. After determining these quantities, pore pressure, u, may be 
determined by using Equation ( 13): On writ_ing Equations _(17) t?ro,ug~ (20) 
in finite difference form and after stmpiificatJOn, the quantities x, z, a and 
tjJ at a point of intersection of the characteristics are obtained as 

where, 

, x/ tan (tPA-;J.)-z/-xn' tan (o/n+ll)+ zs' 
X -

- t<~n (ifA-IL)-tan (lfn + fJ.) 

z' = z8 ' t(x' -xn') tan (.Pn+fJ.) 

cr' = ~;( D2 an' +D3 M Lm cp ~::+D4 N') 
1 [ (cr'-crA') 

t/J = -
2 

- - 21/J A t tn </> + D5 , 
tan .p CJA 

D~ = 2( 1-J- M)+M tan <P [cot (tPB+fJ~- :.:o t (t/JA -!l)] 
+2(tfln-tf.'A) tan ¢) 

D3 = [tan (.PnttJ.)tcot (•h+JL)] (x' -'Cn') 

-~~ [tan (.PA- 1-': +cot ('P A- JL) } (x' -x.t') 
cr ,, 

cos ("' IJ- p.) , ') 
D4 = cos cfo cos (tJ!n- ,..) ( x -xn ' 

cr n' cos ( t/1 A+ f1.l , , 
cr/ COS¢ COS (tflA-!-) (X - XA ), 

D 5 = I+M-Mtan ¢cot(tPA-fJ.), 

D
6 

= [tan (<LA-p.)tcot (.PA-,J.)) (x' - ;-r/) , 
CJA 

D7 = cos (.PA+fl.) rx' -xA') 
CJA ' COS cp COS (tJ!A-fl.) . 

... (21) 

... (22) 

... (23) 

... (24) 

llere quantities with subscript A refer to the po:nt A whic~ is on a slip line 
.of _the _ (tJ!-tJ.) --:-faf!Jily and quantities wi~h subscript B refer to the point B 
wh1ch l : ?!} ~- ~Hp lme of the (ljl +fL)-famJI~. · 
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Equations (23) and (24) contain term ~::which is unknown. In order 

to arrive at value of u' from Equation (23) iteration procedure may be used. ,.._ 

Calculation of bearing capacity 

The above analysis gives expressions for the required quantities at points 
of intersection of characteristics. The solution of the problem is accom
plished by starLing from boundary with known values and successive 
calculation throughout failure zone in the soil mass. In the present case 
uniform surcharge q along x-axis (Figure I) is considered and hence the 
shear stress is zero. For this condition the equation along the characteristics 
gives .jJ = 0 at all the points of intersection of the characteristics in the zone 
above OC (see Figure 1). Therefore, this zone will be in Rankine's passive 
state. The passive pressure acting on OL is determined by successive 
numerical integration starting from the boundary of Rankine's passive zone 

OC. This boundary is inclined to the x:-axis at angle ( : - ~ ) . and along 

it 1/J = 0 .. (25) 

and 

( ~ 1 co t if> -
1~0 ) (1 +M+M tan if> cot p.) +N'z' 

a' = ... (26) 
(1 -sm if>) (l+M-tM tan 4> cot !A) 

u' = .!!._ = _!!__ [a'tl +(2A-1) sin if>) -H' 
c l-B 

y· [ z' Ua Un J ("7) +~- (AKc,- A-Kv)+c (Ku-1) (l - A) + CB ... '-

where, H ' = cot if> 

The q uantitics x', z' , a' , 1/J and u' for t.hc poi.nts in t~e . rupture zo_ne 
b;etween OC and OL (rigure l) arc detcrmmed usmg Equations t21) through \ 
(24) and (27). 

For determining the points of intersection of the character · s~ics with OL 
the following two conditions are used :. . 

where, 

z' = mx' = -x' tan (90- Oo) 

't'nr = -(a,/ + H') tan if> 

I 
~ 

j 
... (28) 

a., = the angle made by the inclined face of soil w ;dt e OLC' 
with the vertical axis, 

m = slope of the line OL, and 

-r:,,, a,' = the dimensionless tangential and nor.nal effective s!resses 
o n OL. 

With these two conditions and with the equations along {1!1-fl.)-family 
slip line which intersects OL. the equations for determining the required 
quantities along OL are given by 

•' = Oo ...L~+ j_ ; . ' 4 4 ... (29) 

~-

). 
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z' = mx' 

1 r 
a'= J+M-M tan <P cot (th-f.l)L cr/{2(cf!-th) tan¢ 

+ 1 +M -M tan cp cot ('h-p.)}-M tan¢ 

{tan (th-!l)+cot (t/11 -JL)} (x' -x/) ~~: 

N' cos (t/t1+f.l) (x'-x1')] 
cos tP cos (th -[.l) 

227 

. . . (30) 

... (31) 

.. . (32) 

and u' may be determined by using Equation (27) where the qua~titie.s ~ith 
-"': subscript 1 refer to the last point determined on the (t/t- p.)-fam1ly slip hoe. 

After obtainino the quantities x', z', tjl, a' and u' at several points along 
the surface OL (Figure 1) of the wedg~ OLO', th.e same stresses ~re assu~e~ 
to act on O' L and the ultimate beanng capac1ty of the footmg, qo , IS 

calculated by considering the equilibrium of wedge OLO' as 

where 

q ' = 2P,: - · -1 ~ B/ tan (90°-9o) 
o B/ 4 c 

... (33) 

P,v' = the non-dimensional vertical component of total resultant 
pressure on surfa<;e OL which is found by summing up 
L; P,v' values, 

, crn'+FI' l' · ("' ¢)+ " L' , · a d 6, Ppv = -1.. 6, ~ SID v 0 - u. U SID u0 , an 
cos 'f' 

. B/ = dimensionless width of footing. 

Results and Discussion 

Numerical results are obtained for different values of uojc, B, A and K •. 
The results are presented in the form of bearing capacity factors Nc, Nq and 
Ny representing the contributions due to cohesion, surcharge and weight 
respectively. The ultimate bearing capacity is expressed as ' 

, N. + , N 1 Yb l B I q 0 = c q q+T c f Ny ... (34) 

.l. In order to determine the bearing capacity factors three sets of calcula-
tions are done. In ~he first set of calcul~tions the val~es of ybl/c and q' are 
assumed ~qual to ';IDity and ze~o, r~spect1vely . The ultimate bearing capacity 
thus .obt.amed, des1gnated as q cy, IS due to cohesion and weight of the soil 
and IS g1ven by 

... (35) 
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The sec<?nd set of calculat ion s ~re done assuming Yh 1/c as well as q' as zero 
to obtam the val_ue of N_c. Wtth the values of Nc thus obtained, the va lues 
of Ny ar.:: determmed u s ~ng Equation (36). For determining the fac tor N. ..._ 
the thtrd set of calculatiOns a~e done b~ assuming a certain value of q' and 
Yb lfc ~qual to zero. The beanng capac tty thus obtained will be due to 
cohesiO n and surcharge which is given by 

... (36) 

W_ith the values of Nc and using Equation (36) the values of Nq are deter
mmed. All the three sets of calculations are done assuming the base angle 
of the wedge OLO' equal to ¢. For all the calcula tions a fi ne mesh size 
that gives sufficiently accurate resu lt s is used. 

The bearing capacity factors are determined for B = 0.2, 0.5 and 0.7, 
A = 0.2, 0.5, 1.0 and 1. 2, u.,jc = -0.25, - 1.0, - 2.0 and -3.0 a nd 
K0 = 0.4. Figure 3 shows the influence of Bon the shape of sl ip lines for 
q, equal to 10 ' . It is seen that for the same footing width, the slip lines of~ 
the (o/- /1)-family in the case of B equal to 0.7 are relatively shallower and 
cylindrical when compared to B equal to 0.2. This indicates that, as t he 
degree of saturation increases, the slip lines of (1/1 -fL)-family tend to 
become cylindrical in shape. Figure 4 shows the influence of A on the slip 
lines for q, = 10°. From this figure it is seen tha t the influence of A on the 
shape of slip lines though slight is similar to that of B. The influence of 
initial negative pore pressure uofc on the slip lines is shown in Figure 5 for¢ 
equal to 10°. It is observed that fur the same footing width the slip Jines 
oaf (tP ·-fL) -family extend to larger distances from footing in the case of 
u fc= -3.0 when compared to the case of uo(c= -0.25. 1his shows that 
the influence of initial nega tive pore pr~ssure on the slip lines is in the same 

' \ 
\ 

\ 
\ 

' ' ' ' ' 
...._--- :::--=:---1-'-::c-:: 

A = 0-2 , II = 1 0 • 

u0 /C =-0-25, K0 = 0 ·4 
---8 = 0·2 
----8 = 0·1 

8 

10 

z' 

c 

FIGURE 3. Influence of Bon slip lines for rfo = 10°, A = 0.2 and ~0- = 0.25 
c 
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manner as that of rp, since as initial negative pore pressure increases, the 
soil has higher shear strength due to enhanced level of effectiye stress. It 
may be summarised that the effect of decrease in Band A and increase in 
- uolc is to increase the shear strength and in turn affect the ~ lip lines in a 
manner similar to the inerease of¢. It is also seen in these figures (Figures 3 
through 5) that the (<It + J.L) - family slip lines starting on OL are tangential 
to OL, since the critical condition (Equation 28) is assumed along OL of 
wedge OLO' (Figure 1). 

The values of Nc are presented as a function of¢ in Figures 6 through 17 
for different values of B, A and u0 jc keeping Ko equal to 0.4. It is seen that 
the curves obtained are similar to those of the case where the effect of pore 
pressures and degree of saturation in soils are not considered (Terzaghi 

B = o-1 . 11 = 1 o• 
u0 /C =- 0-15. I< 0 = 0 - ~ 

--A= 0 ·1 
----A= 1-2 

10 

Z ' 

c 

u 
FIGURE 4. Inlluence of A on slip lines for rp = 10°, B = 0.2 and -f = 0.25 

B = 0 -2 . tlf=ro• 
A = 0 -2 . 1<0 = 0-4 
-- u0 /C =-0 -25 
- ---u0 /C=-3 -0 

8 .. 

z• 

FIGURE S. lnftucnce of :a on slip lines for rp = 10°, B = 0.2 and A = 0.2 
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1943). It is observed from these figures that as initial negative pore pressure 
increases the value of Nc increases for given values of B, A and cf>. 

From these figures it is seen that when the other parameters definino the 
state of pore pressure (A .and uofc) are not insignificantly low, the effe;t of 
pore pressure parameter IS to reduce Nc-value with increase of B. Increase 
of B from 0.2 to 0.7 decreases N c by 56. 5 per cent i.e. , from 174.2 to 76.0 
(¢ = 400, A = 0.2, u,.fc = -3.0). For A = 0.2 combinations of c{> = 30° 
and Uo/c= -3.0 and t/1 = 40° and uvfc = -0.25 give Nc -values of 75 and 
65 for B = 0.2 whereas for the same set of values at B = 0.7 the cOt-res
ponding Nc-values arc 45 and 27. This indicates that the decrease of Nc 
with increase of B is more pronounced at higher values of cf>. From these 
figures it is also seen that when uuic changes from -0.25 10 - 3.0 the values 
of Nc increase by about 28 per cent for cfo equal to 10°, and by about 
170 per cent for c{> equal to 40°, when B = 0.2 and A = 0.2. For A = 1.2, 
keeping B constant at 0.2, the corresponding increase in N,. is about 183 per 
cent for c{> equal to 40°. The change in the value of Nc due to changes in 
the value of B, A and uufc is thus quite appreciable and not be d is-
regarded. · 

Tl:e values o f Ny and N., are presented only for extreme values of initial 
por.! pressures in Figures 18 through 29 as the bearing capacity factors Ny 
and Nq arc not sign ificantly affected by the values of initial negative pore 
pressures. It is however seen that as initial negative pore pressure increases 
both Ny and Nq increase though slightly when compared to the increase in 
Nc. It may also be noted that the rate of increase of Ny with decrease of 
B is much more (for c{> = 40°, A = 0.2 and u,Jc = -0.25 decrease of B 
from 0.7 to 0.5 in.creases Nc by 139 per cent, Nq by !55 per cent and Ny by 
583 percent). It is seen from these figures that when B changes from 0.2 ~o 
0.7, Ny reduces by abou t 28 per cent for if> equal tol0° and about 85 per 
cent for c{> eqtnl to 40°, when A·= 0.2. Whe:1 -l = 1.2, the corresponding 
decreases in Ny are, about 60 per cent for ¢ equal to 10° and about 87 per .1.. _ 
cent for ¢ equal to 40°, wherea<; N 1 decreases by about II per cent for ¢ 
equal to IOo and by about 50 per cent. when B changes from 0.2 to 0 .5 ancl 
A = 0.2. Thus it is seen that the in f1uenc~ of B on Ny is very considerable 
and also Nq is very much affected. 

The bearin g cap.1city factors are determined for r/> = 30° when B, A and 
u0 fc are equal to zero. These values are compared with the bearing capacity 
factors of Terzaghi ( 1943) in Table 1. Jt is seen from this table that 
the values obtain~d in th ~ pr..:s~at i .w~stiglt i Jn a_;r~ e with Terzaghi's 
values. 

The values of Nc, Ny and N 1 are presented against Kn for A = - .1. 0.2 
and J .2 a~d forB= 0 .5, </> = 30~ !lnd un/c = -2.0 in Figures 30 and 31 to 
show the mfl.uence of K. on the ultimate bear ing capacity. It is observed 
from !hese figures that the influence of Ko on Nc is too insignificant and 
hence. Its effect may be taken to be negligible on the ultimate bearing 
capacity. ~. 
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TABLE I 

Comparison of bearing capacity factors 

Bearing capacity Terzaghi Present Analysis 
Factors (1943) (ror B = 0, A = 0 and u; = 0) 

(I) - (2) (3) (4) 

Nc 38 38.89 

30° Ny . 20 19.65 

Na 22 22.45 

Conclusions 

Based on the analysis and numerical results presented in this paper the 
following general conclusions are drawn. 

The solution of the problem of bearing capacity of footings on partly 
saturated soils is obtained by the method of characteristics. The ultimate 
bearing capacity of rough strip footings is considerably affected by degree of 
saturation and initial pore pressures. This analysis also gives the influence 
of B, A and uofc on the shape of failure surfac~s. As B increases (i .e. with 
the increase of induced positive pore .Pressure) the rupture surface is 
shallower and more cylindrical than that of relatively dry soils. The same 
trend of behaviour though less in magnitude is observed with the change of 
A. When initial negative pore pressure increases (i.e. the change is opposite 
to that of B) the rupture surface extends to larger distances from the footing 
width. The initial negative pore pressure has considerable influence only on 
values of N c (Le. the other bearing capacity factors namely, Ny and Nq are 
not much affected). The influence of B is considerable on all the bearing 
capacity factors and the bearing capacity factor Ny is very much affected. 
The rate ofincrease of Ny with decrease of B is .much more for higher 
values of if>. The effect of Ko on the bearing capacity factors is negligible. 
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