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Introduction

^HIS investigation is concerned with the comparison of the Bishop’smethod and the method of characteristics, for the stability analysis of
homogeneous earth slopes. For a slope whose horizontal top surface
is subjected to a uniform normal surcharge (Figure 1), the contour of the
slope can be determined using the method of characteristics by knowing
the soil parameters (Sokolovsky, 1965). Since the slope thus determined
is in a limiting state of equilibrium, its factor of safety is unity. The
factor of safety of this slope can also be determined by Bishop’s method
(Bishop, 1955). Thus a comparison -can be made between the two
approaches.

In finding the factor of safety by Bishop’s method, the surcharge
q is taken into consideration by adding to the weight of each of the
slices to the right of z-axis, the corresponding surcharge. Further, the
contour of the slope obtained by the method of characteristics extends
downwards indefinitely as in Figure 1. However, for purposes of this
study the height of the slope can be fixed at a certain depth below the
top surface, corresponding to the lowest point on the contour of the
slope as obtained by the method of characteristics (Figure 2).
Analysis

DETERMINATION OF THE CONTOUR OF-THE SLOPE BY THE
METHOD OF CHARACTERISTICS

The analysis used herein is the same as that presented by
Sokolovsky (1965). The soil adjacent to the slope shown in Figure 1 is
in plastic equilibrium. It has strength parameters c and (/> and the
tangent to the slope at point O makes an angle p„ with x-axis. Along
the positive x-axis a uniform normal surcharge, q, acts. The equivalent
surcharge p0 , along Ox is then

p0 = q+ H
H = c cot <f>.

...(1)
in which,
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In arriving at non-dimensional quantities, the stresses are divided
by a characteristic stress equal to cohesion, c, and the distances are
divided by a characteristic length equal to c/y, in which y = unit weight
of the soil. Hence, the non-dimensional mean stress at any point,

a* = a/c , in which

„ _
+ H,

the normal stresses in * and z directions, respectively.
and, <*» > =

Along the boundary OC of the Rankine zone the values of o* and
tj/ are given by (Sokolovsky, 1965, Harr, 1966)

, and ^z'+ P
14- sin 0

in which, = inclination of major principal stress to x-axis, z' = non-
dimensional z-coordinate and P = non-dimensional equivalent

surcharge = pjc.

Along the contour of the slope, the known conditions

...(2)
a* = V

are

dz'H'
•• (3)= tan p, and <JJ=|3a* = 1—sin 0 ’ dx

in which, H' — cot 0, and (3 = inclination of the slope with horizontal,
at any point.

At the singular point O, changes from ir/2 just to the right of O
to the value p0 just to its left.

The angle (30 is determined from the following relationship (Harr,

1966) which can be derived from the boundary conditions, viz.,
Equations (2) and (3) :

Po = T+ 0 log
2

Iog V H 14-sin 0 /
.. .(4)

In order that zones I and II do not overlap (Figure 1), (30 should be
greater than n/ 2 , and this condition leads to the inequality condition :

q >
The dimensionless minimum surcharge which corresponds to

Po — rc/2, is therefore given by

$14-sin 0 )-11 — sin 0

a' = 2_cos
^
0

H 1 —sin 0 ...(5)
c

If any value of q higher than this minimum value is specified, the
corresponding value of p0 can be easily obtained from Equation (4).

With all the boundary conditions thus determined, the next step is
to apply the relationships along the two families of slip lines in the
of rupture. Writing the equations along the characteristics in finite
difference form (Sokolovsky, 1965), the followingexpressions are obtained

4
\

zone
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FIGURE 1 : Zones of rupture of a slope in critical equilibrium.
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FIGURE 2 : Slope with finite height.

for determining the quantities at a point C from known points A and B
(Figure 3) :

_ -Y2' tan (4*2 — — X i tan (^i+g)+z/
tan g)— tan ((px+jx)

z' = Z i +t y— X i ) tan Ofn+P )

jr' . . .(6)

. . . (7)
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FIGURE 3 : Calculations fora new point.

£ = lt+e, {x' -x,' )

n = Va+ej (x' — x2' )

#

\

...(8)

. • (9)

in which,

cos (4<a-[x) . . .(10)e( = 2 of sin (p cos (^i -F/x)
cos (^2+F) . . .(11)= 2 or2* sin <p cos (<J/2—(x)

rr 0
P = “4— ~2i

In the above equations, quantities with subscript 1 are those at the point
A and quantities with subscript 2 are those at B. % and vj are the
variables characterising the variations of a* and t}' along the slip lines
and are defined as follows :

C°
2 ^ loge <**+ <!'

and x' = non-dimensional x-coordinate.

5 -
cot <fi log6 o* — (j»

s
For determining the quantities A*', Z', ij; and a* for points along the

contour of the slope, Equation (3) is used along with the two equations
along a slip line of the family which intersects the slope. The
expressions obtained in this case after writing the equations in finite
difference form and solving, are_ *1' tan ('K+^-z^-x,' tan OM+z/—tan ij>2+tan (<K+p)

z' = z2'+(x'-x2 ) tan (<|>2)

A' . . . (12)
A

. . .(13)
and

f = ly -\- et (A' XI ) C°2^ loge o* . . . (14)
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a* is obtained directly from Equation (3) by dividing by thecharacteristic stress, c.
The numerical solution of the problem is carried out by startingfrom the boundary OC of the Rankine zone (Figure 1). The values ofx' and z' thus determined define the contour of the slope.

DETERMINATION OF FACTOR OF SAFETY BY BISHOP’S METHOD
The slope shown in Figure 2, whose contour can be determined asexplained above, is analysed for finding its factor of safety, by theBishop’s method. The expression given by Bishop (1955) for determiningthe factor of safety for any assumed circular rupture surface (Figure 4) is

r _ 2 [cb+tan cf> (W— ub )\ l / Ma
2 W sin a ...(15)

in which,
F — factor of safety for the assumed slip circle,

W = weight of any slice = bh y,
h — height of the slice at its centre,
a = angle defined in Figure 4,

c, <f> = effective strength parameters,
b = width of slice,
u = pore pressure at the bottom of the slice, and

l +(tan a tan <f> )/F
sec a

Assuming a characteristic length, / = cjy, and introducing the
dimensionless variables

"-5-^-4

...(16)Mu. -

...(17)yh
Y
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FIGURE 4: Analysis by method of slices.
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Equation (15) is written as_ Sfr' [l + (1-.B) h' tan 0) 1/M.
2 b' h' sin a

• (18)

The pore pressure coefficient, B, in the above equation is assumed
to be fairly constant over the cross-section of the slope. The mean
height of the slice, h, is expressed as (Figure 4)

h =\ZR*-{ Xa-XiY — (Y0-B)-z ...(19)
in which,

R = radius of slip circle,
X0, T0 = coordinates of the centre of slip circle,

B — height of the slope,

Xi — A'-coordinate of the centre of the slice, and

z — the depth of the slice below the horizontal top surface
of the slope.

Since only toe circles are assumed herein as failure surfaces, R can
be obtained easily knowing X0 and F0, since

R? = T02 + (*n-*0)2

in which, X„ = horizontal distance of toe of slope from origin of X,
Y coordinate system.

Therefore, the factor of safety given by Equation (18) is found to
be a function of only two variables X0 and Y0, the other parameters,
0 and iTbeing constants. The expression for the mean height of slice
in the portion to the right of the F-axis (Figure 4) is

h =VW-WQ-XJ )* - ( Y0-B)

in which, Xj = A'-coordinate of the central line of the slice.
By assuming the coordinates of the centre of the slip circle, the

factor of safety can be evaluated for a given problem by assuming a
finite number of slices in the soil mass above the assumed rupture surface
and using the above equations.
Results and Discussion of Results

Numerical results presented herein are intended to illustrate the
procedure used and to indicate the probable trend of the results. The
following data which are the same as those used by Sokolovsky (1965)
are adopted in this numerical work : 0=30° and XM=23\, in which
XM is the x-coordinate of the last point on the boundary of the active
Rankine zone (Figure 5). Two values of surcharge are considered :
(i ) The minimum value of q' as given by Equation (5), which is equal to
3 4641, (// ) q' = 4 4641. For these two cases, from Equation (4),
p„ = 90° and 102°36', respectively. The contours of the slopes determined
by the method of characteristics for the above two cases of surcharge
are shown in Figures 5 and 6 along with the corresponding slip line
fields.

#

. . .(20)

..,(21)
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FIGURE 5 : Contour of slope and slip lines for 0 = 30° and q' = 3*4641.
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FIGURE 6 : Contour of slope and slip lines for 0 = 30° and q' = 4- 4641.
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<J> = 30°, flD = 90°

18 I- 2 437 IJ707 I0615 C-9921I- 1100 0-9989

17 101950-9933107871 -2081 1-1366

16 1 -1029 1-0731- 0130 -9886101071-04891-1723 / %

15-1 *2206 1-13*65 1 -0701 t

4#
14-I-I833 MOM 10394

13L
I - I 4S8 »0668

COORDINATES OF CRITICAL
CENTRE . XQ:II, *,= * 4

12 —1-1080 0 9*931-0*347 /99 33
MINIMUM FACTOR OF
SAFETY = 0-9843

11 L
1-0704 10074 0-9908 1-048

10 L 1
1512 13 1498 10 11xo

FIGURE 7 : Minimum factor of safety and critical centre for q' = 3--1641.

fc

»

For the above slopes (Figures 5 and 6) the minimum factor of
safety and the position of the critical centre of the slip circle are obtained
by the Bishop’s method by trying a number of slip circles, all passing
through the toe. The number of slices considered in the zone to the
left of z-axis (Figure 5) is the same as the total number of points
(excluding the point O ), at which the characteristics intersect the contour
of the slope. In tne zone to the right of z-axis, 5 slices of equal width
are considered. The factor of safety obtained in each case along with
one or two innermost contours are shown in Figures 7 and 8. It is
observed that the minimum factor of safety in the two cases is slightly
less than 1, the difference being less than 5 per cent. This indicates that
the two approaches show good agreement . The critical slip circles in
these two cases as per the Bishop’s method are shown on the correspon-
ding slopes in Figures 5 and 6 by dotted lines. These also show good
agreement with the rupture surfaces obtained by the method of characteris-
tics.

A
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<P =30°, no= 102° 36'

23
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O
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15
1-0012 1-10820- 96580-9707I-OSS2 1-0026

COORDINATES OF CRITICAL
CENTRE: Xq= 14, Y0 ~ « 8

14 O 99711-0337 09884 O 9716
MINIMUM FACTOR OF
SAFETY = 0.9550

1 3
1-0163 0 9841 O 9959 1-0888

1 2 I1 i

9 138 12 15 1610 1411
X o

FIGURE 8 : Minimum factor of safety and critical centre for q' = 4.4641.
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Conclusions
The limited numerical results presented show good agreement

between the Bishop’s method and the method of characteristics, with
regard to both minimum factor of safety and the critical slip surface.
For 0 equal to 30°, for which results are presented herein, lower factor
of safety is obtained by the Bishop’s method when compared to method
of characteristics. In view of the good agreement shown by the two
approaches, more detailed numerical work on the above lines will be of
great interest.

%
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